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Complete integrability of the coupled
KdV-mKdV system

Paul Kersten, Joseph Krasil’shchik

ABSTRACT. The coupled KAV-mKdV system arises as the classi-
cal part of one of superextensions of the KdV equation. For this
system, we prove its complete integrability, i.e., existence of a re-
cursion operator and of infinite series of symmetries.

Introduction

There are several supersymmetric extensions of the classical Korte-
weg—de Vries equation (KdV) [@, B, B]. One of them is of the form
(the so-called N = 2, A = 1 extension [&])

Uy = —us + 6uu; — 3pps — 3PPy — 3wws — 3w wy + 3uw? + 6uww;

+ 6vp1w — 6phyw — 6wy,

0y = — @3 + 3pur + 31U — 3w — 3w + 3p w? + 6pww,
Yy = —1b3 + 3Yuy + 31u + 3paw + 31wy + 3P w? + 6pww,
wy = —ws + 3wwy + 3uw; + 3uqw,
where u and w are classical (even) independent variables while ¢ and
¢ are odd ones (here and below the numerical subscript at an unknown
variable denotes it derivative over z of the corresponding order). Being
completely integrable itself, this system gives rise to an interesting
system of even equations
up = —us + 6uu, — 3wws — 3wywsy + ugw? + 6uwwy,
wy = —ws + 3w?w;, + 3uw, + Juqw, (1)
which can be considered as a sort coupling between the KdV (with
respect to u) and the modified KAV (with respect to w) equations. In
fact, setting w = 0, we obtain
Uy = —ug + 6uug,
while for u = 0 we have

wy = —ws + 3wrw.
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In what follows, we prove complete integrability, cf. ], of system
@) by establishing existence of infinite series of symmetries and/or
conservation laws. Toward this end we construct a recursion opera-
tor using the techniques of deformation theory introduced in [l and
extensively described and exemplified in [&].

In the first section of the paper the theoretical background is in-
troduced. The second section deals with particular computations and
description of basic results.

1. Geometrical and algebraic background

Here we briefly describe the geometrical theory of partial differential
equations [, ] and algebraic foundations of computational approach
to recursion operators @, HJ.

Let m: E — M be a locally trivial vector bundle and r: J*(7) —
M, k=0,1,...,00, be the bundles of its k-jets. A (nonlinear) partial
differential equation (PDE) of order k is a submanifold & C J*(x),
k < oo. Its lth prolongation is a subset & C J*(7). There exist
natural mappings mpiy16: E1 — &L and £ is said to be formally
integrable, if all £ are smooth manifolds while 7414 are smooth
fiber bundles. Below, only formally integrable equations are considered.

The inverse limit £ C J*(7) of the system {E! mpiyp1} is
called the infinite prolongation of £ and we consider the bundle 7g: £ —
M. This bundle enjoys the following characteristic property:

PROPOSITION 1 (see [H]). Let m;: E; — M, i = 1,2, be two locally
trivial vector bundles and A: T'(m) — I'(me) be a linear differential
operator acting from sections of my to sections of mo. Then there exists
a unique differential operator CA: I'(w}(m)) — I'(mf(me)) such that

Joo(8)" 0 CA = Ao joo(s)" (2)

for any formal solution s of the equation £. The correspondence A —
CA is C(E®)-linear and complies with the composition of differential
operators:

C(Ay0A;) =CAy0CAy, (3)
where Ay: I'(my) — T'(ma), Ag: ['(me) — [(m3) are linear differential
operators, ms: F3 — M being a third vector bundle.

As a corollary of Proposition ll, we get

PROPOSITION 2. The bundle mg possesses a natural flat connec-
tion.

ProOOF. It suffices to take the trivial bundle 1;;,: M xR — M for
the bundles m; and 75 and an arbitrary vector field X for the operator
A. Flatness is a consequence of (H). O

Let us denote by D(N) the C°°(N)-module of vector fields on a
manifold N.
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DEFINITION 1. The connection C: D(M) — D(E%) is called the
Cartan connection on £°.

Denote by CD(E>) C D(E*) the horizontal distribution on £
with respect to the Cartan connection (the Cartan distribution) and
by D¢(€%) the normalizer of CD(E°°) in D(£°°). Then, since C is flat,
CD(E) is integrable in a formal Frobenius sense and thus CD(E%) is
an ideal in D¢ (E%°).

DEFINITION 2. The quotient Lie algebra sym & = D¢(E°°)/CD(E%)
is called the algebra of higher symmetries of the equation &.

The Cartan connection in m¢ determines the splitting
D(E>) = DY(E>) & CD(E™), (4)

where D?(£%°) denotes the module of mg-vertical vector fields, and for
any coset S € sym & there exists a unique vertical representative. In
its turn, such a representative is uniquely determined by a section ¢ €
[(mf(m)) (generating section) satisfying the defining equation

ﬁggo =0 (5)

and vice versa. Here (¢ is the universal linearization operator for £
restricted to £%°. Due to this fact, we shall identify the solutions of (H)
with higher symmetries of €.

The connection form Ug (the structural element of £) of the Cartan
connection C is an element of the module D?(A'(£%)) of A'(£>°)-valued
vertical derivations. Thus, we can introduce an operator dg: D?(AY(E>)) —
DY(A(E%)) defined by

0eQ = [Ug,Q], Q€ DY(AY(E™)),

where [-, -] is the Frolicher-Nijenhuis bracket. Since the Cartan connec-
tion is flat, one has [Ug, Ug] = 0, from where it follows that dg 0 ds = 0.
Thus we obtain a complex (D?(AY(£%)),d¢), whose cohomology is
called the C-cohomology of £ and is denoted by HZ(E). It is easy to see
that H2(E) = sym &, while H}(E), by standard reasons, is identified
with classes of nontrivial infinitesimal deformations of Ug (or, which is
the same, of the equation structure).

If QO and © are elements of DV(AY(E>)) and DY(A(E>)) respec-
tively, their contraction Q_© is defined as an element of (DY (A" =1(£>))
This operation is inherited by the C-cohomology groups. In particular,
if o € sym& and R € H}(E), then ¢ 4R = Ry is a symmetry again.
In other words, the module H}(E) acts on the Lie algebra of higher
symimetries.

Let CA'(E>*) C A'(E>) be the submodule of one-forms on £
vanishing on the Cartan distribution. Then one has the direct sum
decomposition

AYE®) = CAL(E®) @ AL (£)
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dual to (@), where A} (€>) is the submodule of horizontal forms. This
splitting is also inherited by H}(E) and an element R € H}(E®)
acts nontrivially on sym &£ if only it corresponds to a derivation from
DY(CA'(E>)). Moreover, it can be shown that im deND?(CA'(E>)) = 0
and consequently nontrivial actions can be found by solving the equa-
tion

s(R) = 0. (6)

Solutions of (H) are called recursion operators for symmetries. Any
recursion operator R is uniquely determined by an element wgr €
CA'(E>®) @ T'(me(m)) satisfying the defining equation

(Wwr) =0, (7)

where E[gl] is the extension of the operator £¢ to the module CA'(£%) ®
[(mg(m)). If ¢ € T'(wi(n)) is a symmetry and S, € DY(E%) is the
corresponding vertical vector field, then the action of R on ¢ is given
by

Ro =S, Jwrg. (8)

Local coordinates. Let &/ C M be a coordinate neighborhood
in M such that the bundle 7 trivializes over U, x1,...,x, be local
coordinates in ¢/ and u',...,u™ be coordinates along the fiber in a
given trivialization. Then the adapted coordinates in 7} (U) C J>(7)
are given by the functions u?, j = 1,...,m, o =iy ...i%, 1 < i, < n,
uniquely defined by

. lo| £3
ool ) (dy = =2

for any local section f = (f',...,f™) € I'(x|,). Then the Cartan
connection in J* () is given by

9 ) 0
=Dj= o+ ul——
¢ (axi) o T )

where D; are the so-called total derivatives. The structural element in
this case is given by the formula

; 0
— J -
U, = Zwa X 8u£’ (10)
7,0
where w! = dul — Zufn dx; are the Cartan forms constituting a basis

in the module CA'(J*°(7)). The forms w! may be rewritten as wl =
deul, where de is the Cartan differential acting on f € C*(J>(r)) by

dcfzzg—f,wj.

7 g
ous
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This differential restricts to any submanifold £ C J*°(7) and for
infinite prolongations () transforms to

Z deus @ —— 8u1 (11)

where {u;} spans the set of mternal coordinates in £%°.

If an equation & C J*() is given by the system of equalities
FYzy, ... ¢, .. ul,...) =0,
Fr(z1,... T, oul,...) =0,

then its infinite prolongation is defined by
D,F*=0, a=1,...,r, 0<|o| < o0,

where D, = D;, o---0D;, for 0 = 4;...%. Then the universal lin-
earization operator corresponding to this system is of the form

oF©
za: ou, Da

The operator ¢ is obtained from () by rewriting it in internal coor-
dinates.

(p = (12)

ExAMPLE (Evolutionary 1+ 1 equations). Consider a system & of
evolutionary equations

up = Fl(z,t,ul, ... ul),
........................ (13)
ul = Fr(x, t,ut, ... ull),

where x = x1,t = x9 and u{ = 0 /0x'. Then the functions z,t, . . . ,u{, e

can be taken for internal coordinates on £%°. The total derivatives are
written down as

0 .0
— + u] —_—, + Dl
Ox ZZJ: ou] Z 8ul
in these coordinates. The Cartan forms on £ are
w] = du] —uj,, dv — DL (F7)dt,

while the structural element for £ is given by
Us=> wl ®—. (14)

The restriction /¢ of the universal linearization operator to £ is
of the form

OF°
(e = Z ~—D. —ED,

Gul

l,j
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where E is the identity matrix. So, a vector function ¢ = (o .. ™),
ol =i (x,t, ... ul,...), is a symmetry of £ if and only if
oF”
> =Dl = D" (15)
. Gul
for all @ = 1,...,m. The corresponding vector field is given by the
formula

_ l
9, ZD 8%

In a similar way, recursion operators are determined by vector-
valued forms wr = (wg,...,wy), where w, = > Wllwp, ¥Il €
C®(E%), satisfying the equations

oF©
lz,j: Gul

To compute the left and right sides of (), it suffices to note that

!l = Dy (16)

J_,J l _nl
Dyw] =w],,, Dwj] = D,dcF’ =D,>" 55
a,be B
REMARK 1. Let w = (w',...,w™), w = 3, dilwp, be a vector-

valued Cartan form on £%°. Then for any vector-valued function ¢ =
(@ ..., ™) on £ the action R, : ¢ +— R, is defined by R,¢ =
9, —w. In local coordinates, this action is expressed by the formula

(Rup) =) 0l D (™). (17)

Operators of this type (i.e., expressed in terms of total derivatives) are
called C-differential (or total differential) operators.

REMARK 2. As it was mentioned above, operators of the form
(E3), provided w satisfies (), take symmetries of the equation at
hand to symmetries of the same equation. In other words, one has
R.: kerle — kerle. Under not very restrictive conditions on the
equation &, this is equivalent to the operator equality

gSORw:Aogga

where A is a C-differential operator. Taking formally adjoint, one ob-
tains

R0 lp =z o A"

which means, that A* is a recursion operator for generating functions
of conservation laws [T].
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Nonlocal setting. In practice, when solving (H), one usually finds
no nontrivial solutions, though the equation £ may possess recursion
operators.

EXAMPLE (The Burgers equation). Consider the equation
Ut = Ugy + Uly.

It is known to possess a recursion operator of the form

R=D,+ %uo + %ungl. (18)

Nevertheless, the only solution of the equation
Mo = (D2 + D, + uy — Dy)w = 0 (19)
for w = Yowo+. .. Yrwy is awg, a € R, which provides the trivial action

Ro: ¢ — ap.
To resolve this apparent contradiction, let us extend the algebra
C>*(&E%) with an additional element u_; and set

Dyu_q = uyp,
1

2
Dtu_l = Uy + Euo,

1
deu_1 =w_1 =du_y —upgdr — (u1 + iug) dt. (20)

Then, solving (B) for w = ¥_jw_1 + Yowo + . . . Yrwk, we obtain a two-
parametric solution

1 1
w=awy+ G2, Q=w + §u0w0 + iulw_l.

Then the action ¢ — Rap = 9, 1 coincides exactly with (I3).

This example reflects a general scheme of computations which arises
in a lot of applications [&] and is used in Section B Namely, in search
of recursion operators for symmetries we extend the algebra C'*°(E>)
with a new set of variables w!, ..., w", ... (so-called nonlocal variables)

and respectively extend the total derivatives to vector fields

Di=D;+>» X¢ 0

=1,... 21
8wa7 ? Y 7n7 ( )

in such a way that
[D;, Dj| = Dy, X;] + [Xi, Dj] + [Xi, X;] = 0, (22)

where X; =Y X0 /0w®.

Having a solution X7, ..., X, of (&), we obtain an integrable dis-
tribution on the space £ x RY, where N is the number of nonlocal
variables (the case N = oo is included). The projection 7: £* =
E® x RN — £% is called a covering over £ and N is called its di-
mension (for an invariant geometrical definition see [@]). Similar to
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the local case, we define the Lie algebra sym_& = D¢(E%)/CD(E>) of
nonlocal T-symmetries.
We introduce Cartan forms

) =dw =Y X/dx;, j=1,...,N,
i=1

corresponding to nonlocal variables on £%. The module of all Cartan
forms on £ is denoted by CA'(£>®). We also extend the universal
linearization operator £¢ to £ just by changing the total derivatives D;
to D;. Let us now consider two equations, associated to this extension:

lep =0 and !75[1]9 =0,

where ¢ € I'((mgo7)*n) and Q € I'((mgo7)*1) @ CAYH(E>). Solutions of
the first equation are called 7-shadows of nonlocal symmetries, while
solutions of the second one are said to be 7-shadows of recursion op-
erators in the covering 7. The following result establishes relations of
shadows to symmetries and recursion operators:

THEOREM 1 (see [B, H]). Let 7: £ — £% be a covering. Then:

1. If ¢ is a T-shadow, then there exists a covering
7 &0 £ T, g%

such that ¢ reconstructs up to a nonlocal T-symmetry.
2. If v is a nonlocal T-symmetry and R is a recursion operator
shadow, then R is a symmetry shadow.

REMARK 3. Among all one-dimensional coverings over a given equa-
tion there exists a special class consisting of those ones, for which the
fields X,..., X, in (B3 are independent of nonlocal variables (so-
called abelian coverings). To any such a covering, one can put into
correspondence a differential form on £:

Wr = zn: del'l.
=1

This form is closed with respect to the so-called horizontal differential
dp, = Cd (cf. Proposition ll). Vice versa, to any such a form there corre-
sponds a covering of the above mentioned type. Moreover, two closed
forms determine the same class in the cohomology group H'(d},) if and
only if the corresponding coverings are equivalent. In particular, if
n = 2, the group H'(d;,) coincides with the group of conservation laws
of the equation £ [E]. Thus, to construct a covering under considera-
tion is the same as to find a conservation law. This fact is used in the
computations below.
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2. Basic computations and results

In this section we shall discuss the complete integrability of the
KdV-mKdV system given in (ll), i.e.,

up = —ug + 6uuy — 3wws — 3wiwy + Sugw? + buwwy,
wy = —ws + 3ww; + 3uw; + 3ujw. (23)

In order to demonstrate the complete integrability of this system, we
shall construct the recursion operator for symmetries of this coupled
system, leading to infinite hierarchies of symmetries and, most prob-
ably, of conservation laws. Due to the very special form of the final
results, it seems that integrability of this system, which looks quite
ordinary, has not been discussed before or elsewhere. In order to do
this, we shall discuss conservation laws in Subsection B&ll leading to the
necessary nonlocal variables.

In Subsection = we shall discuss local and nonlocal symmetries of
the system, while in Subsection R we construct the recursion operator
or deformation of the equation structure (0.

2.1. Conservation laws and nonlocal variables. Here we shall
construct conservation laws for (Bd) in order to arrive at an abelian
covering of the coupled KdAV-mKdV system as was shown for Burg-
ers equation (E). So we construct X = X(z,t,u,...,w...),T =
T(z,t,u,...,w...) such that

D.(T) = Di(X) (24)

and in a similar way we construct nonlocal conservation laws by the
requirement

Dy(T) = Dy(X), (25)

where D, is defined by ([@); moreover X, T are dependent on local
variables x, t, u,...,w,... as well as the already determined nonlo-
cal variables, denoted here by p, or p, ., which are associated to the
conservation laws (X, T") by the formal definition

Dy (ps) = (ps)z = X,
Dt(p*) = (p*)t =T.

Proceeding in this way, we obtained the following set of nonlocal vari-
ables

Po,1, Po2, P15 P11, P12, P2,1, P3, P31, P32, P41, Ps, (26)
where their defining equations are given by
(pl)m = u,
(p1)e = 3u? + 3uw? — uy — Jwws,,

(pO,l)a: = w,
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(po.1): = Buw + w3 — w,,

<)

)
0.2)z = D1,
(Po2)t = —6p3 — ua,
(p1.1)z = cos(2po.1)prw + sin(2pg 1 )w?,
(p1.1): = cos(2po.1) (3pruw + prw?® — prwy + uwy — wyw — ww;)
+ sin(2po,1 ) (duw? + w* — 2wwy + w?),
(pr,2)e = c08(2pp1)w? — sin(2pg 1 )pr1w,
(p12)¢ = cos(2po.1) (duw? + w* — 2wws, + w?)
+sin(2po.1) (—3pruw — prw® + prwy — vwy + ww + wwy),
(P2,1)e = (4cos(2po,1)priw? — 4sin(2po1)pipiaw +w(pt — 2u +w?)) /2,
(p2.1): = (4cos(2po1)pra (duw? + w* — 2wwy + w?)
+ 4 sin(2po1)pra1 (—3pruw — prw® + prwy — vw; + uyw + ww)
+ 3ptuw + piw® — pPwy + 2puw; — 2pruw — 2pwrw; — Sutw
— ww?® + 2uwy — 2uywy + 2usw + w’ + 3w2w2)/2,
(P3)e = (—u” — uw® + wws) /2,
(p3)e = (—4u® — 9u*w? + 2uuy — 3uw* + 1uwwy — vwi — ui + uyww,
+ dugw? 4 6wiwsy + 3w?wi — wwy + wiws — w3) /2,
(p3.1)z = (cos(2po.)w(py — 6pru + 39p1w? — 24py 1pr 2w + 12p3 + Guy )
+ 2sin(2po1 )w(12p1p1.1p1 o + 18prwy + 2w® + 3ws)
+6p1ow(—pi + 2u — w?))/12,
(p3,2)2 = (2c0s(2po1 )w(12p1p1ap12 — 18prwy — 2w — 3ws)
4 sin(2po1 )w(p} — 6p1u + 39p1w? + 24py 1p1 2w + 12ps + 6uy)
+6praw(—pi + 2u — w?))/12,
(p4,1)a: = (8 COS(2PO,1)w(p§p1,2 + 122?129%,12?1,2 — 6p1p1ou + 3p1p1,2w2
— 12291,12?%,2111 + 18p11uw — 4py jw® — 6py 1ws + 12p; ap3 + 6p1auy)
+ 8sin(2po,1 )w(pipia + 122?12?1,12?%,2 — 6p1p11u + 3pipraw’
+ 1229%,12?1,2@0 + 12p11ps + 6p11us — 18py suw + 4py ow® + 6py 2w2)
+w(—py — 24pipt | — 24pTpi 5 + 12p1u — Gpiw® — 48pips
— 24pyuq + 48pi1u — 24pi1w2 + 48pi2u — 24pi2w2
— 60u® + 4duw?® + 24uy — 13w + 6ww,)) /48,

(p5)e = (12u3 + 24u%w? — 6uuy + 6uw* — 30uwws — 3usw? — Swiwy + 6ww,) /6.

In the previous equations, we skipped explicit formulas for (ps1):,
(p32)t, (pa1)t, and (ps)s, because they are too massive, though quite
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important for the setting to be well defined and in order to avoid am-
biguities. The reader is referred to the Appendix for them.

It is quite a striking result that functions cos(2p 1), sin(2pe.1) ap-
pear in the presentation of the conservation laws and their associated
nonlocal variables.

We should note that p1, po1, ps, ps arise from local conservation
laws and we shall call p1, po1, ps, ps nonlocalities of first order.

In a similar way we see that pg2, pi11, p12 arise from nonlocal
conservation laws, where their x- and ¢-derivatives are dependent on
the first order nonlocalities. For this reason pg2, p11, p1,2 are called
nonlocalities of second order.

Proceeding in this way ps.1, P31, ps.2, pa1 constitute nonlocalities of
third order.

2.2. Local and nonlocal symmetries. In this section we shall
present results for the construction of local and nonlocal symmetries of
system (E). In order to construct these symmetries, we consider the
system of partial differential equations obtained by the infinite prolon-
gation of (EJ) together with the covering by the nonlocal variables

Po1s Poz2, P1, P11, P12, P2,1, P3, P31, P32, P41, Ds-

So, in the augmented setting governed by (), their total derivatives
and the equations given in Subsection Bl we construct symmetries
Y = (Y*,Y") which have to satisfy the symmetry condition

leY = 0.
From this condition we obtained the following symmetries
Yo, Yi, Yig, Yis, Yo, Yau, Yao, Yis,

where generating functions Y, Y.*, are given as

Yo' = 3t(6uu; + 6uww; + Suyw? — uz — 3wws — 3wiws) + ruy + 2u,
Yy = 3t(3uw; + 3uiw + 3w wy — w3) + Twi + w,
qu,tl = uq,
quf}l = Wi,
Yy = cos(2po,1) (2uw — ws) + sin(2po 1) (w1 + 2wwy),
Yy = —cos(2po,1)u — sin(2po,1) w1,
Y3 = cos(2po,1)(u1 + 2wwr) + sin(2po,1 ) (—2uw + wo),
Y"s = — cos(2po,1)wi + sin(2po,1)u,
Yo = (2cos(2po1)(p1aur + 2p1 1wwy — 2py puw + Py ows)
+ 2sin(2po,1 ) (—2p1,1uw + p1iws — p1ous — 2p1 2wwn)
+ 2p1uw — prws + 2uw; + 3ujw + 2w w, — ws) /2,
Y54 = (2cos(2po,1) (—p1awi + pipu) + 2sin(2po,1) (p1,1u + p1owi)
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— pru+ ur + wwy)/2,

= (6uu; + 6uww; + 3ujw?® — uz — Jwws — Jwywy) /3,

= (Buw; + 3uw + 3w w; — ws)/3,

= (cos(2po1) (—2p*uw + pPwy — dpruw; — 6pruw — dpyw?w; + 2pws
+ 8p11p12ur + 16p;1 1p1 2wwy — 8pi2uw + 4p%,2w2 — 4pa1up — 8pe 1wy
+ 10uw + 6uw® — 8uws — 14uiw, — Susw — 11wwy — 14wwf + 2wy)
+ 28in(2po.1) (—8p1,1p1 20w + 4p1 1p1 2wW2 — 229%,2”1 - 4pi2ww1 + 4po juw
— 2py1we + 6uuy 4 10uww; + 3uyw? — ug + 2wiw, — 3wws — Swiws)
+ 4py 2 (2p1uw — prws + 2uw; + 3ugw + 2wrw, — ws))/8,

= (cos(2po.1) (Piu — 2p1ur — 2prww; — 8pyap1 2wy + 4p%,2u + 4pa 1wy

— 4u? = 3uw?® + 2uy + dwws + wa)

+ 2sin(2po.1) (4prapr 2u + Zpile — 2poqu — Juwy — Jugw — 3w?w; + ws)
+ 4p1 o (—pru + uy + wwy))/8,

= (2¢08(2po,1 ) (2p] yur + 4pT yww; — dpajuw + 2pa jws — Guuy

— 10uww, — 3ujw? 4+ us — 2ww; + 3wws + Swyws)

+ sin(ZpO,l)(—Zp%uw + p%wg — Apruw; — 6pruw — Aprwwy + 2prws

— 8pi1uw + 4pi1w2 — 4po 1u1 — 8pajwwy + 10uw + 6uw?

— Suwy — ldugw; — Susw — 11w?ws — 14wwf + 2wy)

+ 4p11 (2pruw — prws + 2uwy + 3uw + 2w, — ws))/8,

= (2 cos(2p0,1)(—2pi1w1 + 2p21u + 3uw; + Jugw + 3w?w, — ws)

+ sin(2po.1) (piu — 2pruy — 2prww; + 4pi1u + 4py 1wy — 4u?

— 3uw? + 2uy + dwwsy + 2w?)

+ 4p11 (—=pru + ug +wwy))/8.

2.3. Recursion operator. Here we present the recursion opera-

R for symmetries for this case obtained as a higher symmetry in
Cartan covering of system of equations (ll) augmented by equations

governing the nonlocal variables (BE&). As explained in the previous sec-
tion, the recursion operator is in effect the a deformation of the equation
structure ().

As demonstrated there, this deformation is a form-valued vector

field (or a vectorfield-valued one-form) and has to satisfy

MR =o. (27)

In order to arrive at a nontrivial result as was explained for Burgers’
equation too (c.f. Example ll), we have to introduce nonlocal variables

Po,1, Po,2, P1, P11, P12, P21, P3, P31, P3,2, P41, D5
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and their associated Cartan contact forms

Wpo,1s Wpoay Wprs Wpy1s Wpiay Wpots Wpss Wps iy Wpsoy Wpyps Wps-

The final result, which is dependent on the nonlocal Cartan forms

wp0,1 ’ wp1 ’ wp1,1 ’ wp1,2 ’

is given by

0 0
R=R'—4+RY"— + ... 28
8u+ ow T (28)

where the components R, RY are given by

Ry = wy,(—1) + wy(du + w2) + Wiy (—2W) + Wy, (—w1) + Wy (Buw — 2ws)

+ Wy o (— €08(2po,1) (ur + 2wwy) + sin(2pg 1) (2uw — ws))
+ wp, , (cos(2po,1)(—2uw + wy) — sin(2po,1) (u1 + 2wwy))

+ wp, (2u1 + ww1) + wpy, (2p1uw — prws + 2uw; + Juw + 2uw?w, — ws),

Ry = W (—1) + wy (2u + w?) + wy, (2w)

+ Wy, , (cos(2po,1)w1 — sin(2po 1))
+ wp, , (cos(2po,1)u + sin(2po,1)w:)
+ wp, (W1) + Wy, (—p1u + uy + wwy). (29)

We shall now present this result in a more conventional form which

appeals to expressions using operators of the form D, and D;!. In
order to do this, we first split (B3) into the so-called local part and
nonlocal parts, consisting of terms associated to wy,, Wy, Wy, W, Wi
and those associated to wy, ,, Wy, ,, Wy, wp,, respectively. The first
part will account for D, presentation, while the second one accounts
for the D! part.

Due to the action of contraction 9, 1R, the local part is given by

the following matrix operator:

—D? +4u+w? —2wD? —wi D, + 3uw — 2w,
2w —D? + 2u + w? '

The nonlocal part will be split into parts associated to wy,, wy,, and
Wp, 45 Wpy 4, Tespectively. The first one is given as

(2u; +wwi)D;t (2pruw — prws + 2uw; + 3ugw + 2w?wy — w3) Dt
w D! (—p1u+ uy + wwy) Dt '

To deal with the last part, let us introduce the notation:
Ay = cos(2po 1) (—2uw + wy) — sin(2pg 1) (w1 + 2wwy),
Ay = cos(2pg 1)u + sin(2pg 1 )ws,
By = —cos(2po.1)(u1 + 2wwy) + sin(2pg 1) (2uw — ws),
By = cos(2pg 1)wr — sin(2po 1 )u,

being the coefficients at w,, , and w,,, in (E).
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According to the presentations of (p11), and (p12)s, i.e.,

(p1.1)z = €cos(2pg 1)p1w + sin(2pg 1 )w
(p1.2)e = cos(2po.1)w?® — sin(2po.1 )prw,

we introduce their partial derivatives with respect to pg 1, p1, and w as

o = —2prwsin(2po 1) + 2w? cos(2po1),
s = wcos(2pg 1),

a3 = p1 cos(2po 1) + 2w sin(2po 1),

B = —2w? sin(2po.1) — 2p1w cos(2po 1),
o = —wsin(2po 1),

B3 = 2w cos(2po 1) — p1sin(2po.1).

From this we arrive in a straightforward way at the last nonlocal part
of the recursion operator, i.e.,

ADTeDs MDD +oo)] | [BDSADT BDS(AD + 6y
AQDm_lOéQDm_l A2D$ (Oéle 1 + &3) 1/82D 1 B2 (/BlD 1 i /83)

So, in the final form we obtain the recursion operator as

o —D? 4+ 4u +w? —2wD? — w1 D, + 3uw — 2wy
- 2w —D? + 2u + w?

N [(2uy + wwy) D7 (2p1uw — prws + 2uwy + 3ugw + 2w?w; — wg)Dgl]

wi Dt (—p1u + uy + ww; ) Dt

4 _AlDJTlOégD;l a: (&1D;1 -+ 043)

_AQD;IOCQDm_l AQDm (&1D;1 -+ 043)

L [BiD; 15Dt B m . (Bi1D;! + Bs)
D %Dt BoDH(BiD,t + Bs) |

3. Conclusion

We gave an outline of the theory of deformations of the equation
structure of differential equations, leading to the construction of re-
cursion operators for symmetries of such equations. The extension of
this theory to the nonlocal setting of differential equations is essen-
tial for getting nontrivial results. The theory has been applied to the
construction of the recursion operator for symmetries for a coupled
KdV-mKdV system, leading to a highly nonlocal result for this sys-
tem. Moreover the appearance of nonpolynomial nonlocal terms in all
results, e.g., conservation laws, symmetries and recursion operator is
striking and reveals some unknown and intriguing underlying structure
of the equations.
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Appendix

Here we present explicit formulas for (ps1)e, (ps.2), (Pa,1)e, and (ps):

(p31): = (cos(2po1)(3piuw + piw® — pwy + 3pPuw; — 3pfusw — 3pfw?w,
— 24p1uw + 105p;uw? + 6pruws — 6prugwy + 6prusw + 39pw’
— 2Tprw?wy — 96p1,1p1,2uw2 — 24p1,1p1,2w4 + 48p1 1p1 2wwo
— 24p1,1p1,2wf + 36psuw + 12p3w3 — 12pswy — 1202w,
+ 48uuyw + 39uw?wy + 3ugw® — 6ujws + Gusw;
— 6uzw — Yww, — 120w*ws — 18ww wy + 6w§)
+ 2sin(2po,1) (36p1p1,101 20w + 12p1p1,1p1,2w3 — 12p1p1,1p1 w2
+ 5dpy uwwy + 54p1u1w2 + 54p1w3w1 — 18prwws + 12p; 1p1 2uwy
— 12p11p1 2w — 12p1,1p1,2w2w1 — 9uw? + 18uw® + 2Tuwwy — 9uw%
+ Quyww; + 3usw? + 2w — 1lwdw, + 120 w? — 3wwy + 3wiws — 3w§)
+ 6p1,2(—3p§uw — p?w3 + p%wg — 2puwy + 2pruiw + 2p1w2w1
+ 8ulw + vw?® = 2uwsy + 2uw; — 2usw — W’ — 3w2w2))/12,
(p3.2): = (2c0s(2po.1)(36p1p1ap1 2uw + 12p1p1 11 aw® — 12p1p1 11 2we
— ddpuww, — 54p1u1w2 — 54p1w3w1 + 18prwws + 12p; 1p1 puwn
— 12p1 1p1 2w — 12p1,1p1,2w2w1 + 9u*w? — 18uw* — 2Tuwwsy + 9uw%
— Quyww; — 3ugw? — 2w + 11w wy — 12w*w? + 3wwy — 3wiws + 3w§)
+ sin(2po.1) (3pTuw + pPw?® — piwy + 3pfuw, — 3piuyw — 3piww,
— 24p1uw + 105puw? + 6pruws — 6prugwy + 6prusw + 39pw’
— 2Tprw?wy + 96p1,1p1,2uw2 + 24p1,1p1,2w4 — 48p1.1p1 2wwo
+ 24p1,1p1,2wf + 36psuw + 12psw? — 12psws — 120wy + 48uuqw
+ 39uw?w; + 3uw® — 6ujwy 4+ 6usw; — 6usw — Ywtw; — 12w ws
— 18wwywy + 6w?) + 6p11 (—3ptuw — piw® + plwy — 2pruw; + 2prusw
+ 2prwtwy + 8utw + uw® — 2uws + 2uiwy — 2usw — W’ — 3w2w2))/12,
(pa,1)e = (8cos(2po1)(3pip12uw + pip1 sw® — Pipr 2ws + 3pip1 uawy
— 3pip1auw — 3piprawwy + 36p1pi1p1,2uw + 122?12?%,12?1,2@03
— 12p1pF 1 p1 2w — 24pip1 2w — 3pip1 suw® + 6pipr puws — 6pipy 2uiwy
-+ 6p1p1 2uw + 3p1p1,2w5 + 9p1p1,2w2w2 + 12}?%,12?1,2%01 - 12p%,1p1,2u1w
— 12p7 1 prow?wy — 48py 1pt yuw® — 12p1 1t yw? 4 24p1 1 p} ywws
— 12p1,1pi2wf + 72p1,1u2w2 + 18p1,1uw4 — 94p1 1 uwws + 18p1,1uwf
— 18p11wmww; — 24p1,1uzw2 — 4p1,1w6 — 32p1,1w3w2 — 24p1,1w2wf

+ 6p1 jwwy — 6prjwiws + 6p1,1w§ + 36p1 2p3uw + 12p1,2p3w3
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— 12p1 2p3wy — 12p; suPwy + 48p; suurw + 39y suw?wy + 3py 2uyw?
— 6p1 21 ws + 6p1 puswy — 6p1 susw — Ipypw'wy — 12p1 swws
— 18p1 swwyws + 6py pw?)
+8 Sin(2po,1)(3p§p1,1uw + p?pl,lwg - p?pl,le + 3p%p1,1uw1 - 3p%p1,1ulw
— 3pip1awwy 4 36p1p1 i guw + 12p1p1apt yw® — 12p1prapi gwo
- 24p1p1,1u2w - 3p1p1,1uw3 + 6p1p1,1uw2 - 6p1p1,1u1w1 + 6p1p1,1u2w
+ 3p1p1aw’® + Iprprawws + 48T  prouw?® + 12p7  prow® — 24pT  prswws
+ 12p7 1 p1ow? + 12p11p7F yuawy — 12py1p} gunw — 12py 1p} ywwy
-+ 36p1,1psuw + 12p1,1p3w3 — 12p1 1pswe — 12p1,1u2w1 + 48p1 uuw
+ 39p1 1 uw?wy + 3prugw® — 6pyugwy + 6p1uswy — 6py 1 uzw
— 9p1,1w4w1 — 12p1,1w2w3 — 18p1 jwwiwy + 6p1,1w§ — 72p1,2u2w2
— 18p1,2uw4 + 54p1 2uwwy — 18p1,2uwf + 18p1 2uww; + 24p1,2qu2
+ 4p1,2w6 + 32p1,2w3w2 + 24p1,2w2wf — Op1 2wwy
+ 6p1 2wiw3 — 6p1,zw§) — 3pfuw — pjw® + plwy — dpiuw, + dpfuyw
+ dpiwiwr — T2p1pT Juw — 24pipt \w® + 24pTpt ywe — T2p7pT uw
— 24pip ;w® + 24p7pt yws + 48piutw + Gpfuw® — 12pfuws + 12piuiw;
— 12p%usw — 6p*w® — 18piww, — 48p1pi1uw1 + 48p1pi1u1w
+ 48p1p yw?wy — 48p1p; yuwy + 48py p yuaw + 48py pf yw?wy — 144py psuw
— 48p1p3w3 + 48p1 psws + 48p1u2w1 — 192p1uuw — 156p1uw2w1
— 12prusw® 4 24p uiwy — 24p1ugwy + 24piusw + 36p wtw, + 48p wws
+ T2prwwiwy — 24p1w? + 192pi1u2w + 24pi1uw3 — 48pi1uw2
+ 48pi1u1w1 — 48pi1uzw — 24pi1w5 — 72pi1w2w2 + 192pi2u2w
+ 24pi2uw3 — 48pi2uw2 + 48pi2u1w1 — 48pi2uzw — 24pi2w5
— 72pi2w2w2 — 48psuw + 48psuw + 48p3w2w1 — 2520w — 36uw?
+ 60ulwy — 144uuqwy + 240uusw — Tuw® + 342uw?wq + 24uwwf
+ 144u%w + 228uiwwy + Ydusw® — 24dusws + 24uswy — 24usw
— 13w + 4Twrwy — 4w3wf — 78w?w, — 60ww;ws
— 120ww3 + 60wiw,) /48,
= (54u* + 180uPw? — T2uuy + 1260 w* — 282uww, — 12uw?
— 84uuyww, — 174uusw? + 6uuy + 18uw® — 300uwwy — 90uw2wf
+ 66uww, + 6uwyws + 48uw§ + 42u%w2 — 6uqus + 12u3ww,
+ 42u;wws — 48u wiwe + 6u§ — 39usw? + 162uswwy — 48quf

+ 48uswwy + 2lugw? — 42w wy — 12w4wf + 35wtwy + 120w wiws
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+ 195w w3 + 120wwiw, — 6wws — 30w + 6wiws — 6wawy) /6.
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