The Diffiety Institute Preprint Series

Preprint DIPS-10/2001 June 21, 2001

An example of (3 + 1)-dimensional
integrable system

by

V. V. TRUSHKOV

Available via INTERNET:
http://diffiety.ac.ru/

The Diffiety Institute
Polevaya 6-45, Pereslavl-Zalessky, 152140 Russia.



An example of (3 + 1)-dimensional integrable system
V. V. TRUSHKOV

ABSTRACT. An example of a (3+1)-dimensional integrable system is considered, infi-
nite series of divergent forms are described. Classical symmetries for this system and
self-similar exact solutions are found.

1. INTRODUCTION

A three-dimensional hydrodynamic model of the formation of sedimentary basins is
considered. This model is described by quasi-steady equations of motion of incompress-
ible fluid and by evolutionary equations of the density transfer:

Vp = pAv + gpdis,
(1) dive = 0,
Pt + le(pU) = 07
where p, = 0p/0t.
In Section 2 of the paper theoretical background is introduced. In Section 3 sym-
metries of system (1) are described. In Section 5 conservation laws are described and

integrability of system (1) is shown. In the fifth section some exact self-similar solutions
are obtained.

2. THEORETICAL BACKGROUND

Consider the space J*(n, m) with the coordinates

Do, Tyt ™™
where 0 = (i1,...,4,) and |o| < k. This space is called the space of jets of order k.
Then an equation £ can be understood as a subset in J*(n, m) defined by the relations
(2) Fz,u,...,ug,...) =0, ..., F'(z,u,...,uy,...) =0.
If all F* are smooth functions and the system F!,... F" is of maximal rank, then

this subset is a smooth submanifold of codimension r. Thus, differential equations are
smooth submanifolds in the jet spaces.
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Let f = (f'(x),...,f™(x)) be a smooth vector function. Then f determines an n-
dimensional submanifold in J*(n, m) defined by
. Plalgi
ul = f, j=1...,m, |o| <k,
Ox°

(here and below we formally set w ... ) = ). This submanifold is called the k-jet of f
and is denoted by ji(f). It easily seen that f satisfies equation (2) if and only if jx(f)
lies in the corresponding submanifold in J*(n,m). In other words, solutions of £ are
identified with jets lying in the equation manifold. Hence, the following definition is
justified.

Definition 1. Let & C J*(n,m) be a differential equation. A symmetry of £ is a
diffeomorphism o: J*(n,m) — J*(n,m) such that

(i) (&) = €& and

(i) ¢(jx(f)) is of the form ji(f,) for every section f.
A transformation is called a Lie transformation, if it satisfies condition (ii).

Definition 2. A vector field X on the manifold J*(n,m) is called a Lie field, if the
displacements along its trajectories are the Lie transformations.

Definition 3. A Lie field is called a classical infinitesimal symmetry of the equation
E C J*(n,m), if it is tangent to &.

We define the operators
0 - ; 0

3 Dk — = § ' § : J -

(3) “ O, * Hotta ou,

j=1 |o|<k

Then one can easily see that the system
(4) F=0, DMF)=0, ..., DM(F)=0

and initial equation (2) have the same solutions. If & C J*(n,m) is the submanifold
corresponding to (2), then the submanifold (probably, with singularities) in the jet space
J*1(n, m) corresponding to (4) is denoted by £ and called the first prolongation of £.
Now, we define by induction £ = (£')! and see that the set &' lies in J**(n, m).
We call £ the [-th prolongation of &.
Let J*(n,m) be a space with coordinates

1 m 1 m
Tlyee oy Ty Wy W Uy ey Uy e

where |o| is unlimited. This space is called the space of infinite jets and the whole
series of prolongations of the equation £ determines a submanifold £ in J*(n,m)
which is called the infinite prolongation of the equation £. The infinite prolongations
are expressed by relations

D,(F)=0, |o|>0,
where D, = D% o --- 0 Di» and

9 9
Do= Y, 2
(5) Dz = Yotla g7
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are infinite counterparts of (3) and are called total derivatives.

Expressions of the form (5) can be considered as vector fields on J*(n, m). Thus, at
any point 6 € J*°(n,m) an n-dimensional plane Cy arises spanned by vectors of these
fields. It means that there exists a distribution C: 6 +— Cy on J*>°(n,m). We call it the
Cartan distribution. Its importance to the theory of differential equations is explained
by the following

Theorem 1 (see [1]). IfE>® C J>°(n,m) is the infinite prolongation, then Cy is tangent
to £ at any point 0 € £°.

An n-dimensional submanifold in £* nondegenerately projecting to the space of in-
dependent variables is a solution of £ if and only if it is a maximal integrable manifold
of the Cartan distribution.

Hence, £%° carries the structure which completely determines solutions of £ and this
structure is the Cartan distribution.
Consider the sets

CD(E®) ={X € D(E™) | X(w) = 0,Vw € CA*(E™)},
De(€%) ={X € D(E) | [X,CD(E%)] C CD(E™)}.
Note that the set D¢(E°°) is a subalgebra in the Lie algebra of vector fields on £ and
CD(E%) is an ideal in D¢(E>).
The Lie R-algebra
symE = D¢(E)/CD(E™)
is the Lie algebra of symmetries of the Cartan distribution on £*.

Definition 4. Elements of the Lie algebra sym & are called higher (infinitesimal) sym-
metries of the equation £.

Theorem 2 (see [1]). Let £ C J¥(n,m) be an equation given by the system {F, = 0}
and the functions F, be chosen in such a way that the graph of F = (..., F,,...)
intersects the space of independent variables transversally, then Lie algebra sym& is
isomorphic to the Lie algebra of solutions of the equations

(6) g‘;‘a(go):()7 &:17“'77.7 90:<9017“‘790m)7
where ) are smooth functions on £,
o .

and (5, is the restriction of £y, to £%. This isomorphism is given by the correspondence
P P

0
P Dy = ZDJ(S‘JJ)
0,j

oul

The function ¢ is callen the generating function corresponds to a symmetry of equa-
tion.

Generating functions of conservation laws correspond to solutions of the equation
formally adjont to (6) (see [1]).
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3. SYMMETRIES

Consider a system of equations for the generating function of symmetries of equation

(1)

mww——iwa%wuﬁwm+pa%»

D2(py) = ——(D2(p0) + D2(00)) + Dy(0p))
D.(¢p) = i(D2(pw) + Di(pw) — DuD:(pu) — DyD. () + g0,
Dz(SOw) = _Dm(SOm) - Dy(@y)a

)

Pz P P u
D-(py) = = (L2 De(0p) + 22Dy () + £-D1l2y) + o

v w
p- p-
Here Dy, D,, D,, D, are the total derivatives restricted to the system.

We solve this system on the space of functions in the variables t, x, vy, z, p , p, u, v,
w, Ug, Uy, uy7 Uz, Uty Uy, Uya Vz, W, Wy, wy7 Pty Pz py7 Pt pya Uz, UyZ'

Theorem 3 (Classical symmetries). The system

dp  Pu  Pu  Pu
or (83:2 * Oy? * 822)’
op v 0% 0%
9y = M(@ + o2 + @)7
op Pw  Pw  Pw
5, Mgzt a7 5.2) 9P
or Oy 0z ’
ap ap ap dp

ot Yar TV, T, =0

has the classical symmetries

(T) O,
(Xa) a(t)0, + o (t)0,
(Ys) Bt)0y + B'(t)0
(Z5) V()= + ()0
(PR) 0p + 920y,
(F:) £(t)0p,
(M) t0y — p0, — PO, — Uy — V0, — WOy,
(Ms) 20y + Y0y + 20, — p0, + 10y, + V0, + WOy,
(©5) §(t)(yOy — 20y 4+ 00y — udy,) + &' (t)(yOy — x:0,).
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T X.|Y; | Z | B |PR] M, | M, | O
T 0| Xw | Yy | Zy | P | 0 T 0 | O
X, 0 (0] 0 0] 0] N | Xo | Vs
Ys 010]0] 0| —Yy Ys | Xgs
Z, 00 [Py —Zv | Z, | 0
P. 010 | Pur| 0 [ 0
PR 0 —PR | —PR 0
M, 0 0 Oysr
M> 0 0
Oy 0

FiGUrRE 1. Commutator relations between classical symmetries

The commutators of symmetries are presented on Fig. 1. In addition, one has

[P517P52] =0, [XocuXaz] =0, [Yﬁm Yﬁz] =0,
[Z'Yl7 Z’Yz] =0, [6517 @52] =0.

The symmetry 7' corresponds to the translation in ¢. The symmetries X,, Y3, Z,
correspond to generalized translations in z, y, z respectively. The symmetries P., PR are
gauges on trivial solution. The symmetries My, M, are scale symmetries. The symmetry
Os corresponds to generalized rotation.

Let X be an infinitesimal symmetry of the equation & C J*(n,m), fo be a solution
of this equation, I'} = jr(fo)(M) C €. Let {A;} be the one-parameter group of the
vector field X. Then the submanifold A,(I'} ) C J*(n,m) is integrable for the Cartan
distribution: if At(F’}O) and F’}O are a horizontal with respect to the projection on base,
then At(F’}O) = F’}k for some section f; and sufficiently small . Moreover, we obtain from
the definition of symmetries that Ay(I'} ) C €. The translation of an initial solution f
to a family of solutions f; is called reproduction of solution the f under the action of X.
If ¢ is the generating function of symmetry X = X, then f; is a solution of the system
of equations

0f _ i j J :
EZSOHI;(»’UJ% f(xao):fo(x), j:1,...,m.
If 90|Fz; (x,t) = 0 then f(x,t) = f(x,0) for all ¢, i.e., fy are stationary point for one-

parameter group of transformations {A;} under its action on section. In other words,
the manifold F’}O is invariant under the action of the vector field X.,.

Definition 5. If F’}O is invariant under the action of the vector field X, then fy is
called a @-invariant solution of £.

Applying this technique to (1), we obtain the following
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Theorem 4. Let p = p(t,z,y,2), p = p(t,x,y,2), u = u(t,x,y,z), v = v(t,x,y, 2),
w=w(t,z,y,2) be a solution of syste ( ). Then vector-functions

(1) p=plt+72,y2), p=plt+T71y2)
u=ult+71,2,9,2), v=ov(t+T,12,9,2)
w=w(t+rT,2,9,2)

(Xa) p=p(t,x+71alt),y 2), p=pt,z+7a(l)y,z)
u=u(t,r+1at),y, z)— 7 (t), v=2v(t,x+ 1a(t),y, 2)
w=w(t,z+T1a(t),y,2)

(¥s) p=plt,z,y+70(@),2), p=plt,x,y+75(t),2)
u=u(t,z,y+716(t),2), v=0v(t,x,y+70(t), 2) — 76'(¢)
w=w(t,z,y+7106(t),2)

(Z5) p=plt,z,y,z2+71{1), p=pt z,y z+7y(t))
u=u(t,z,y,z+71y(t)), v=0(t,x,y,z+ 7Y(t))
w=w(t y,z+m(t))—m( )

() p=plt,z,y,2), p=pt,x,y,z)+1e(t)
u=u(t,z,y,z), v :U( XY, 2)
w=w(t,x,vy,2)

(PR) p=rpt,z,y,2)+7, p=ptzy2)+gzT
u=u(t,z,y,2), v=uv(tx,vy,z2)
w=w(t,x,vy,2)

(M) p=Tp(tt,x,y,2), p=Tp(Tt,2,Y, 2)
u=Ttu(rt,z,y,2), v="TU0(Tt, X,Y, 2)

w = Tw(Tt, x,Y, 2)

(Ms) p=T1p(t,Tr,TY,72), p=p(t, T, TY, TZ)
u=u(t,Tx, Ty, 72)/7, v ="0(t, T, TY, TZ)/T
w=w(t,Tr,TY,T2)/T

(©5) p=pt,r,0—710,2), p=np(t,r,0—rTd,z2)

u = Acos(T)u(t,r,0 — 76, z) + Bsin(r)v(t,r,0 — 76, 2)
— 5/7"9 sin

v = —Asin(r)u(t,r,0 — 79, z) + Bcos(T)v(t,r,0 — 79, 2)
+ 5/7"9 cosf

w=w(t,r0—"14 z)

are solutions of the system too.
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The following quotientequations correspond to the above considered symmetries:

op Pu  0*u  O%u

T — =
(T) Ox 'u((?xQ + Oy? + 822)’
o P P o
oy M o2 oy? 0227
ap (82w N 0*w N 82w) N
8: Mo oy? 022 P
o o0 ow_
ox Oy 0z
p, Op P
u8x+U8y+ az—(),
Pu 0%u
X _ ) —
( 06) u(8y2 + azg) 07
op v 0%
dy dy 0z
w_ P P
9. M oy? 022 9P,
W), o, o
aft) oy 0z
dp . Op P
o +U6y+w6z =0,
op  *u  d%u
(Ys) or M(@ @)a
v 0%
waZ+53)=0,

9z Moz T 922
ou p'(t) ow
oz T B0 oz
dp . Op P

ox oy A(t)
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M _
(M) Ox 'u(ﬁaﬂ Oy? 822)’
oo P o e
oy ox?  Oy? 0227
ap (82w 0w N (92w) N
5z Mogz T a2 " a2 TP
du , ov ow _
oxr Oy 0z
p, Op Op
Yo +U8y * 5, P
(©5) v=A(t,r, z)cos(f) + B(t,r, z)sin(d) + 57'9 sin 6,
u=—A(t,r,z)sin(0) + B(t,r, z) cos(f) — %r@ cos b,

Op 0?’B 10B 1 ?B 2
A e A~
A 1904 10°A

o7 Trar 2o

op Pw 10w 0w

5z~ Mo Trar Y o) TP
oB 1 ow

4 -B+414—=—=0

or TP TS ’

ap ap ap
9P L B L w2l ),
ot T Par Tug, =0

4. CONSERVATION LAWS

Theorem 5. System (1) has the following conservation laws with 0-order generating
functions

by = (d(p) + b(t))w,

1/1p = _b/(t)/ga
Q/Ju = c(t,:c,y,z),
1/11; = d(t,:c,y,z),

w = a(p) + b(t)p + e(t, z,y),
where ¢, d, e are solutions of the system
0%c 0% 0%  Oe

02 Tor T o2 T ox
0% o!d 0% _ e
oz Oy? 022 Oy’
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FIGURE 2. The graph of the u function

Oc n ad

oxr Oy

Consider some divergent forms which corresponds to the generating functions in the
last theorem:

0.

(a(p))e
(b(t)p):

(ua(p))e + (va(p))y + (wa(p)). =0,
(b(t)up)z + (b(t)vp)y + (b(t)wp)- + gﬁ(b'(t)w)

_ é(b’(t)p)z _0.

The main result of the paper is formulated in the following theorem.

Theorem 6. There exist the following higher-order generating functions of the conser-
vation laws

wu = (uy - Um)aya 1/11; = _(uy - Um)ama
where 0 = (04, 0y), 0z + 0, =1 mod 2.
This theorem shown that the system has divergent forms. Moreover, for every k there
exists a divergent form, which contain derivatives of order higher than k.
5. EXAMPLES

Consider the invariant solution of symmetry ©s and let § = ¢!, A = 0, B = 0,
p=p(r), w=w(t,r z), p=np(,r). Then

u = —rfsinb,
v =r6cosb,
1
p= 2,uln; + po(t),
p = 2py(r?),
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FIGURE 3. The graphs of the v (a) and p (b) functions

r /2
w——z—g/ G )dr’—i-wo(t).
0

Iz v’

The graphs of functions u, v and p for py = 0, p = 1/2 are at Fig. 2, and Fig. 3 a,b
respectively.

This solution, being subjected to P R-deformation, transforms to:

u = —rfsinf = —yarctan g,
x

Y
v =rf#cosf = xarctan =,
x

1
p=2uln . + po(t) + gz,
p=20h(r) 4 7
r 12
w=—2z— g/ &/)dr’ + wo(t).
HJo T
After X_;-deformation, we obtain solution with running singularity:

u = —yarctan yt—i—l,
v = (z —t)arctan )
z—1
=un————— t
p un(x_t)2+y2+po()+gzﬂ

/

p=200((x —t)* +y%) + 1,
g /«(w/(a:—t)2+y2) ,0(7“'2)
0

. P2 + wolt).

r
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