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An example of (3 + 1)-dimensional integrable system

V. V. TRUSHKOV

Abstract. An example of a (3+1)-dimensional integrable system is considered, infi-
nite series of divergent forms are described. Classical symmetries for this system and
self-similar exact solutions are found.

1. Introduction

A three-dimensional hydrodynamic model of the formation of sedimentary basins is
considered. This model is described by quasi-steady equations of motion of incompress-
ible fluid and by evolutionary equations of the density transfer:

∇p = µ��v + gρδi3,

div�v = 0,(1)

ρt + div(ρ�v) = 0,

where ρt = ∂ρ/∂t.
In Section 2 of the paper theoretical background is introduced. In Section 3 sym-

metries of system (1) are described. In Section 5 conservation laws are described and
integrability of system (1) is shown. In the fifth section some exact self-similar solutions
are obtained.

2. Theoretical background

Consider the space Jk(n,m) with the coordinates

x1, . . . , xn, u
1, . . . , um, . . . , u1

σ, . . . , u
m
σ , . . . ,

where σ = (i1, . . . , in) and |σ| ≤ k. This space is called the space of jets of order k.
Then an equation E can be understood as a subset in Jk(n,m) defined by the relations

F 1(x, u, . . . , uσ, . . . ) = 0, . . . , F r(x, u, . . . , uσ, . . . ) = 0.(2)

If all F i are smooth functions and the system F 1, . . . , F r is of maximal rank, then
this subset is a smooth submanifold of codimension r. Thus, differential equations are
smooth submanifolds in the jet spaces.
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Let f = (f1(x), . . . , fm(x)) be a smooth vector function. Then f determines an n-
dimensional submanifold in Jk(n,m) defined by

ujσ =
∂ |σ|f j

∂xσ
, j = 1, . . . ,m, |σ| ≤ k,

(here and below we formally set u(0,...,0) = u). This submanifold is called the k-jet of f
and is denoted by jk(f). It easily seen that f satisfies equation (2) if and only if jk(f)
lies in the corresponding submanifold in Jk(n,m). In other words, solutions of E are
identified with jets lying in the equation manifold. Hence, the following definition is
justified.

Definition 1. Let E ⊂ Jk(n,m) be a differential equation. A symmetry of E is a
diffeomorphism ϕ : Jk(n,m) → Jk(n,m) such that

(i) ϕ(E) = E and
(ii) ϕ(jk(f)) is of the form jk(fϕ) for every section f .

A transformation is called a Lie transformation, if it satisfies condition (ii).

Definition 2. A vector field X on the manifold Jk(n,m) is called a Lie field, if the
displacements along its trajectories are the Lie transformations.

Definition 3. A Lie field is called a classical infinitesimal symmetry of the equation
E ⊂ Jk(n,m), if it is tangent to E.

We define the operators

D[k]
α =

∂

∂xα
+

m∑
j=1

∑
|σ|≤k

ujσ+1α

∂

∂ujσ
.(3)

Then one can easily see that the system

F = 0, D[k]
1 (F ) = 0, . . . , D[k]

n (F ) = 0(4)

and initial equation (2) have the same solutions. If E ⊂ Jk(n,m) is the submanifold
corresponding to (2), then the submanifold (probably, with singularities) in the jet space
Jk+1(n,m) corresponding to (4) is denoted by E1 and called the first prolongation of E.

Now, we define by induction E l+1 = (E l)1 and see that the set E l lies in Jk+l(n,m).
We call E l the l-th prolongation of E.

Let J∞(n,m) be a space with coordinates

x1, . . . , xn, u
1, . . . , um, . . . , u1

σ, . . . , u
m
σ , . . . ,

where |σ| is unlimited. This space is called the space of infinite jets and the whole
series of prolongations of the equation E determines a submanifold E∞ in J∞(n,m)
which is called the infinite prolongation of the equation E. The infinite prolongations
are expressed by relations

Dσ(F ) = 0, |σ| ≥ 0,

where Dσ = Di1
1 ◦ · · · ◦Din

n and

Dα =
∂

∂xα
+

∑
j,σ

ujσ+1α

∂

∂ujσ
(5)
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are infinite counterparts of (3) and are called total derivatives.
Expressions of the form (5) can be considered as vector fields on J∞(n,m). Thus, at

any point θ ∈ J∞(n,m) an n-dimensional plane Cθ arises spanned by vectors of these
fields. It means that there exists a distribution C : θ 
→ Cθ on J∞(n,m). We call it the
Cartan distribution. Its importance to the theory of differential equations is explained
by the following

Theorem 1 (see [1]). If E∞ ⊂ J∞(n,m) is the infinite prolongation, then Cθ is tangent
to E∞ at any point θ ∈ E∞.
An n-dimensional submanifold in E∞ nondegenerately projecting to the space of in-

dependent variables is a solution of E if and only if it is a maximal integrable manifold
of the Cartan distribution.

Hence, E∞ carries the structure which completely determines solutions of E and this
structure is the Cartan distribution.

Consider the sets

CD(E∞) = {X ∈ D(E∞) | X(ω) = 0, ∀ω ∈ CΛ1(E∞)},
DC(E∞) = {X ∈ D(E∞) | [X, CD(E∞)] ⊂ CD(E∞)}.

Note that the set DC(E∞) is a subalgebra in the Lie algebra of vector fields on E∞ and
CD(E∞) is an ideal in DC(E∞).

The Lie R-algebra

sym E = DC(E∞)/CD(E∞)

is the Lie algebra of symmetries of the Cartan distribution on E∞.

Definition 4. Elements of the Lie algebra sym E are called higher (infinitesimal) sym-
metries of the equation E.

Theorem 2 (see [1]). Let E ⊂ Jk(n,m) be an equation given by the system {Fα = 0}
and the functions Fα be chosen in such a way that the graph of F = (. . . , Fα, . . . )
intersects the space of independent variables transversally, then Lie algebra sym E is
isomorphic to the Lie algebra of solutions of the equations

�EFα
(ϕ) = 0, α = 1, . . . , r, ϕ = (ϕ1, . . . , ϕm),(6)

where ϕj are smooth functions on E∞,

�ψ =
∑
j,σ

∂ψ

∂ujσ
D(j)
σ

and �Eψ is the restriction of �ψ to E∞. This isomorphism is given by the correspondence

ϕ 
→ �ϕ =
∑
σ,j

Dσ(ϕ
j)

∂

∂ujσ

The function ϕ is callen the generating function corresponds to a symmetry of equa-
tion.

Generating functions of conservation laws correspond to solutions of the equation
formally adjont to (6) (see [1]).
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3. Symmetries

Consider a system of equations for the generating function of symmetries of equation
(1)

D2
z(ϕu) = −1

µ

(
D2
x(ϕu) +D2

y(ϕu)) +Dx(ϕp)
)
,

D2
z(ϕv) = −1

µ

(
D2
x(ϕv) +D2

y(ϕv)) +Dy(ϕp)
)
,

Dz(ϕp) = µ(D2
x(ϕw) +D2

y(ϕw)−DxDz(ϕu)−DyDz(ϕv)) + gϕρ,

Dz(ϕw) = −Dx(ϕx)−Dy(ϕy),

Dz(ϕρ) = −
(ρx
ρz
Dx(ϕρ) +

ρy
ρz
Dy(ϕρ) +

ρt
ρz
Dt(ϕρ) +

u

ρz
ϕu

+
v

ρz
ϕv +

w

ρz
ϕw

)
.

Here Dt, Dx, Dy, Dz are the total derivatives restricted to the system.
We solve this system on the space of functions in the variables t, x, y, z, ρ , p, u, v,

w, ut, ux, uy, uz, vt, vx, vy, vz, wt, wx, wy, pt, px, py, ρt, ρy, uxz, vyz.

Theorem 3 (Classical symmetries). The system

∂p

∂x
= µ(

∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
),

∂p

∂y
= µ(

∂2v

∂x2
+
∂2v

∂y2
+
∂2v

∂z2
),

∂p

∂z
= µ(

∂2w

∂x2
+
∂2w

∂y2
+
∂2w

∂z2
) + gρ,

∂u

∂x
+
∂v

∂y
+
∂w

∂z
= 0,

∂ρ

∂t
+ u

∂ρ

∂x
+ v

∂ρ

∂y
+ w

∂ρ

∂z
= 0

has the classical symmetries

(T ) ∂t,

(Xα) α(t)∂x + α′(t)∂u,

(Yβ) β(t)∂y + β ′(t)∂v,

(Zγ) γ(t)∂z + γ′(t)∂w,

(PR) ∂ρ + gz∂p,

(Pε) ε(t)∂p,

(M1) t∂t − ρ∂ρ − p∂p − u∂u − v∂v − w∂w,

(M2) x∂x + y∂y + z∂z − ρ∂ρ + u∂u + v∂v + w∂w,

(Θδ) δ(t)(y∂x − x∂y + v∂u− u∂v) + δ′(t)(y∂u − x∂v).
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T Xα Yβ Zγ Pε PR M1 M2 Θδ

T 0 Xα′ Yβ′ Zγ′ Pε′ 0 T 0 Θδ′

Xα 0 0 0 0 0 −Xtα′ Xα −Yαδ
Yβ 0 0 0 0 −Ytβ′ Yβ Xβδ

Zγ 0 0 Pgγ −Ztγ′ Zγ 0
Pε 0 0 −Pε+tε′ 0 0
PR 0 −PR −PR 0
M1 0 0 Θtδ′

M2 0 0
Θδ 0

Figure 1. Commutator relations between classical symmetries

The commutators of symmetries are presented on Fig. 1. In addition, one has

[Pε1 , Pε2 ] = 0, [Xα1, Xα2] = 0, [Yβ1, Yβ2] = 0,

[Zγ1 , Zγ2] = 0, [Θδ1,Θδ2] = 0.

The symmetry T corresponds to the translation in t. The symmetries Xα, Yβ , Zγ
correspond to generalized translations in x, y, z respectively. The symmetries Pε, PR are
gauges on trivial solution. The symmetriesM1,M2 are scale symmetries. The symmetry
Θδ corresponds to generalized rotation.

Let X be an infinitesimal symmetry of the equation E ⊂ Jk(n,m), f0 be a solution
of this equation, Γkf0 = jk(f0)(M) ⊂ E. Let {At} be the one-parameter group of the

vector field X. Then the submanifold At(Γkf0) ⊂ Jk(n,m) is integrable for the Cartan

distribution: if At(Γkf0) and Γkf0 are a horizontal with respect to the projection on base,

then At(Γkf0) = Γkfk
for some section ft and sufficiently small t. Moreover, we obtain from

the definition of symmetries that At(Γkf0) ⊂ E. The translation of an initial solution f
to a family of solutions ft is called reproduction of solution the f under the action of X.
If ϕ is the generating function of symmetry X = Xϕ then ft is a solution of the system
of equations

∂f j

∂t
= ϕj |Γk

f
(x, t), f j(x, 0) = f j0 (x), j = 1, . . . ,m.

If ϕ|Γk
f
(x, t) = 0 then f(x, t) = f(x, 0) for all t, i.e., f0 are stationary point for one-

parameter group of transformations {At} under its action on section. In other words,
the manifold Γkf0 is invariant under the action of the vector field Xϕ.

Definition 5. If Γkf0 is invariant under the action of the vector field Xϕ, then f0 is
called a ϕ-invariant solution of E.

Applying this technique to (1), we obtain the following
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Theorem 4. Let ρ = ρ(t, x, y, z), p = p(t, x, y, z), u = u(t, x, y, z), v = v(t, x, y, z),
w = w(t, x, y, z) be a solution of system (1). Then vector-functions

(T ) ρ = ρ(t+ τ, x, y, z), p = p(t+ τ, x, y, z)

u = u(t+ τ, x, y, z), v = v(t+ τ, x, y, z)

w = w(t+ τ, x, y, z)

(Xα) ρ = ρ(t, x+ τα(t), y, z), p = p(t, x+ τα(t), y, z)

u = u(t, x+ τα(t), y, z)− τα′(t), v = v(t, x+ τα(t), y, z)

w = w(t, x+ τα(t), y, z)

(Yβ) ρ = ρ(t, x, y + τβ(t), z), p = p(t, x, y + τβ(t), z)

u = u(t, x, y+ τβ(t), z), v = v(t, x, y+ τβ(t), z)− τβ ′(t)

w = w(t, x, y + τβ(t), z)

(Zγ) ρ = ρ(t, x, y, z+ τγ(t)), p = p(t, x, y, z + τγ(t))

u = u(t, x, y, z+ τγ(t)), v = v(t, x, y, z+ τγ(t))

w = w(t, x, y, z + τγ(t))− τγ′(t)

(Pε) ρ = ρ(t, x, y, z), p = p(t, x, y, z) + τε(t)

u = u(t, x, y, z), v = v(t, x, y, z)

w = w(t, x, y, z)

(PR) ρ = ρ(t, x, y, z) + τ, p = p(t, x, y, z) + gzτ

u = u(t, x, y, z), v = v(t, x, y, z)

w = w(t, x, y, z)

(M1) ρ = τρ(τt, x, y, z), p = τp(τt, x, y, z)

u = τu(τt, x, y, z), v = τv(τt, x, y, z)

w = τw(τt, x, y, z)

(M2) ρ = τρ(t, τx, τy, τz), p = p(t, τx, τy, τz)

u = u(t, τx, τy, τz)/τ, v = v(t, τx, τy, τz)/τ

w = w(t, τx, τy, τz)/τ

(Θδ) ρ = ρ(t, r, θ− τδ, z), p = p(t, r, θ− τδ, z)

u = A cos(τ )u(t, r, θ− τδ, z) +B sin(τ )v(t, r, θ− τδ, z)

− δ′

δ
rθ sin θ

v = −A sin(τ )u(t, r, θ− τδ, z) +B cos(τ )v(t, r, θ− τδ, z)

+
δ′

δ
rθ cos θ

w = w(t, r, θ− τδ, z)

are solutions of the system too.
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The following quotientequations correspond to the above considered symmetries:

(T )
∂p

∂x
= µ(

∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
),

∂p

∂y
= µ(

∂2v

∂x2
+
∂2v

∂y2
+
∂2v

∂z2
),

∂p

∂z
= µ(

∂2w

∂x2
+
∂2w

∂y2
+
∂2w

∂z2
) + gρ,

∂u

∂x
+
∂v

∂y
+
∂w

∂z
= 0,

u
∂ρ

∂x
+ v

∂ρ

∂y
+ w

∂ρ

∂z
= 0,

(Xα) µ(
∂2u

∂y2
+
∂2u

∂z2
) = 0,

∂p

∂y
= µ(

∂2v

∂y2
+
∂2v

∂z2
),

∂p

∂z
= µ(

∂2w

∂y2
+
∂2w

∂z2
) + gρ,

α′(t)

α(t)
+
∂v

∂y
+
∂w

∂z
= 0,

∂ρ

∂t
+ v

∂ρ

∂y
+ w

∂ρ

∂z
= 0,

(Yβ)
∂p

∂x
= µ(

∂2u

∂x2
+
∂2u

∂z2
),

µ(
∂2v

∂x2
+
∂2v

∂z2
) = 0,

∂p

∂z
= µ(

∂2w

∂x2
+
∂2w

∂z2
) + gρ,

∂u

∂x
+
β ′(t)

β(t)
+
∂w

∂z
= 0,

∂ρ

∂t
+ u

∂ρ

∂x
+ w

∂ρ

∂z
= 0,

(Zγ)
∂p

∂x
= µ(

∂2u

∂x2
+
∂2u

∂y2
),

∂p

∂y
= µ(

∂2v

∂x2
+
∂2v

∂y2
),

µ(
∂2w

∂x2
+
∂2w

∂y2
) + gρ = 0,

∂u

∂x
+
∂v

∂y
+
γ′(t)

γ(t)
= 0,
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∂ρ

∂t
+ u

∂ρ

∂x
+ v

∂ρ

∂y
= 0,

(M1)
∂p

∂x
= µ(

∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
),

∂p

∂y
= µ(

∂2v

∂x2
+
∂2v

∂y2
+
∂2v

∂z2
),

∂p

∂z
= µ(

∂2w

∂x2
+
∂2w

∂y2
+
∂2w

∂z2
) + gρ,

∂u

∂x
+
∂v

∂y
+
∂w

∂z
= 0,

u
∂ρ

∂x
+ v

∂ρ

∂y
+ w

∂ρ

∂z
= ρ,

(Θδ) v = A(t, r, z) cos(θ) +B(t, r, z) sin(θ) +
δ′

δ
rθ sin θ,

u = −A(t, r, z) sin(θ) +B(t, r, z) cos(θ)− δ′

δ
rθ cos θ,

∂p

∂r
= µ(

∂2B

∂r2
+

1

r

∂B

∂r
− 1

r2
B +

∂2B

∂z2
− δ′

δ

2

r
),

∂2A

∂r2
+

1

r

∂A

∂r
− 1

r2

∂2A

∂z2
= 0,

∂p

∂z
= µ(

∂2w

∂r2
+

1

r

∂w

∂r
+
∂2w

∂z2
) + gρ,

∂B

∂r
+

1

r
B + 1 +

∂w

∂z
= 0,

∂ρ

∂t
+B

∂ρ

∂r
+ w

∂ρ

∂z
= 0.

4. Conservation laws

Theorem 5. System (1) has the following conservation laws with 0-order generating
functions

ψρ = (a′(ρ) + b(t))w,

ψp = −b′(t)/g,
ψu = c(t, x, y, z),

ψv = d(t, x, y, z),

ψw = a(ρ) + b(t)ρ+ e(t, x, y),

where c, d, e are solutions of the system

∂2c

∂x2
+
∂2c

∂y2
+
∂2c

∂z2
=
∂e

∂x
,

∂2d

∂x2
+
∂2d

∂y2
+
∂2d

∂z2
=
∂e

∂y
,
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Figure 2. The graph of the u function

∂c

∂x
+
∂d

∂y
= 0.

Consider some divergent forms which corresponds to the generating functions in the
last theorem:

(a(ρ))t + (ua(ρ))x + (va(ρ))y + (wa(ρ))z = 0,

(b(t)ρ)t + (b(t)uρ)x + (b(t)vρ)y + (b(t)wρ)z +
µ

g
�(b′(t)w)

− 1

g
(b′(t)p)z = 0.

The main result of the paper is formulated in the following theorem.

Theorem 6. There exist the following higher-order generating functions of the conser-
vation laws

ψu = (uy − vx)σy, ψv = −(uy − vx)σx,

where σ = (σx, σy), σx + σy ≡ 1 mod 2.

This theorem shown that the system has divergent forms. Moreover, for every k there
exists a divergent form, which contain derivatives of order higher than k.

5. Examples

Consider the invariant solution of symmetry Θδ and let δ = et, A = 0, B = 0,
ρ = ρ(r), w = w(t, r, z), p = p(t, r). Then

u = −rθ sin θ,

v = rθ cos θ,

p = 2µln
1

r
+ p0(t),

ρ = 2ρ′0(r
2),
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Figure 3. The graphs of the v (a) and p (b) functions

w = −z − g

µ

∫ r

0

ρ(r′2)

r′
dr′ + w0(t).

The graphs of functions u, v and p for p0 = 0, µ = 1/2 are at Fig. 2, and Fig. 3 a,b
respectively.

This solution, being subjected to PR-deformation, transforms to:

u = −rθ sin θ = −y arctan
y

x
,

v = rθ cos θ = x arctan
y

x
,

p = 2µ ln
1

r
+ p0(t) + gzτ,

ρ = 2ρ′0(r
2) + τ,

w = −z − g

µ

∫ r

0

ρ(r′2)

r′
dr′ + w0(t).

After X−t-deformation, we obtain solution with running singularity:

u = −y arctan
y

x− t
+ 1,

v = (x− t) arctan
y

x− t
,

p = µln
1

(x− t)2 + y2
+ p0(t) + gzτ,

ρ = 2ρ′0((x− t)2 + y2) + τ,

w = −z − g

µ

∫ (
√

(x−t)2+y2)

0

ρ(r′2)

r′
dr′ + w0(t).
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