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Backlund transformations for the Liouville equation provide nonlocal
variables and nonlocal structures

ARTHEMY V. KISELEV

ABSTRACT. Backlund autotransformation for the hyperbolic Liouville equation, Back-
lund transformation between the latter equation and the wave equation, and Backlund
transformation between the Liouville equation and the scal™-Liouville equation are
integrated in nonlocal variables. For the Liouville equation, shadows of nonlocal sym-
metries are obtained, and these shadows are extended up to true nonlocal symmetries
in non-abelian coverings. Nomnlocal classical conservation laws are reconstructed for
the latter equation.

Mathematics Subject Classification (2000): 35Q53, 58]72, 32G08,

Introduction. In this paper, following [I, 2] we study nonlocal aspects of inte-
grating Backlund transformations between PDE, regarding these transformations as
non-abelian one-dimensional coverings over infinitely prolonged equations. The aim of
this paper is to illustrate a natural scheme that provides nonlocal variables associated
with a certain PDE and to obtain nonlocal structures in the case of the hyperbolic
Liouville equation. Notation and all definitions follow [3]. The paper is the extended
version of the report [4].

Definition 1 ([3]). A Bicklund transformation B(E, 1, 75, E1, £) between equations &
and & is the diagram

(1) Er L E D g
such that 7, and 7, are coverings with the same covering equation £ over the infinitely
prolonged equations £7° and £5°, respectively.

The following three Bécklund transformations for Eq. (2) are well-known, see [5]:
The equations B, (u, @;t) of Bécklund autotransformation for the hyperbolic Liouville
equation

(2) Eu = {uyy — exp(2u) = 0}

(3) (@ —u), =exp(—t)-exp(t + u), (@ +u), =2exp(t) -sinh(ad —u) teR,

Bécklund transformation B,,(u,v;t) between Liouville’s equation (2) and the wave
equation &, = {v,, = 0} is

(4)  (v—u), = exp(—t)exp(u +v), (v+u)y, = —exp(t)exp(u —v), teR,

and Bicklund transformation B,y (u, T;t) between the Liouville equation and the scal -
Liouville equation &y = {T,, = exp(—27)} is

(5) (T —u), =2exp(—t)cosh(Y +u), (¥ +u),=—exp(t)exp(u—"T), teR.
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Remark 1. Note that to each solution u(z,y) to the Liouville equation &, we can assign
the function Y (z,y) = —u(—x,y) such that Y(x,y) is a solution to the scal™-Liouville
equation &y and vice versa, i.e. these solutions are in bijective correspondence and
Eq. (5) provides nonlocal (invoking x — —x) Bécklund autotransformation for Eq. (2).

In what follows, we reconstruct the coverings 7; for Eq. (3)-(5) and demonstrate the

nonlocal variables to be potentials for the fiber variables u, v, and Y.
1. In this section, we introduce the one-dimensional non-abelian coverings such that we
can integrate Bécklund transformations (3)—(5) in the corresponding nonlocal variables.
Further on, we choose an arbitrary ¢ € R and consider the extended total derivatives
— and Diu = Diu + (E? + 2u, = — eXp(Qt))i_,

e =t

. . 0
Div = DE* — exp(2u)

~ _ P _ _
Di“ = Di“ - eXp(Zu)a? and Di“ = DS“ + (Eio + ZUyEoo)a?a
Heu _ eu 0 Au — P 4 (22 = J
Dyt = Dy — exp(2u) o= and Dy = Do+ (57 4 2u, =, + exp(—2t)) 0=}’
ft =t
PE _ P 9 HE _ PE v 9
Dé = Dfv + eXp(ZU)(?:” and D" = D" + (2v,=] + eXp(Zt))a:v,
=% =t
and finally,
(6)
h _ ) - - 0
DY = DY +exp(=20) =5 and DY = DY + () = 20.5] + exp(=21)) o=
=4 =t

We see that in all cases the extended derivatives commute: [D,, D,] = 0, and thus the
coverings
(7)

T & — EX, T Exo — & 1/ (‘:;t' — &7, T 5~Z’ — &7, and TtTI gtT — EF

are defined. Explicit form of the covering equations &, Ex, f:’;f, S;’ , and é} , is given in
(9).
Remark 2. The coverings (7) with nonlocal variables (6) are non-abelian and thus
cannot be reduced to local conservation laws for the underlying equations &,, &,, and
Ey. We also claim that the t-parameterized coverings, e.g. 7; at the points t; and ts,
are equivalent: 1, ~ 7, i.e., there is the functional dependence between the nonlocal
variables, =;, and =, in the case under consideration. Really,

En +y-exp(2t1) =2, +y-exp(2t2) = Zie Vi1, t2 € R.
According to [1], the deformations of coverings (7) are such that their structural ele-

ments Uy evolve by dU,; /dt = [[Xt, Ut]]FN, where X, is a shadow field and I-, -]]FN is the
Frolicher—Nijenhuis bracket.

Conversely, to each local symmetry of the equations &,, &,, and &y, we can assign the
one-parametric family of one-dimensional non-abelian coverings, thus generalizing (7).
If such deformations provided by the symmetries of equations £y and &, coincide for
some f and g, then we obtain the one-parametric family of Béacklund transformations
between the equations & and &,.
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Remark 3. The covering equations can be obtained explicitly since the nonlocal vari-
ables in (6) are easily seen to be potentials for at least one of the dependent variables
u, v, and Y, in every case, e.g., u = %ln(—@Ew/ﬁx).

For =; and its limit =, at the point { = —o0, we have
—_ = | 0%E —_ = | 9%Ex
ol T B Tl T %
Besides, we obtain the equations cif and ég’:
5 0=} 2 =t 3232
=] _ p
(8) & = Dy (B + —5z— texp(=2t) o,
oz
—y  02EY
Sv aE’:f} —v)\2 =t 83@8;
& = Dy =(Zf)" + —o= +exp(2t) ¢,
oz
and the equation
=r 0=}
oo JOET  _ye | B Gy
(9) & = oy (E¢) —o=r exp(—2t)
oz

Remark 4. The initial equations &,, &,, and Ey are of the Liouville type, i.e., they admit
finite sequences of the Laplace invariants [6]. Not so it is for covering equations (9).

For any covering 7 in (7), the nonlocal 7-structures for the underlying equations &,,
&y, and Ey, are just local structures for covering equations (9). Due to Remark 3, we
obtain the natural splitting of these nonlocal 7-symmetries and 7-conservation laws, and
the local theory is embedded into the nonlocal one. Namely, there are two distinct types
of local conserved currents for covering equations (9): true nonlocal conserved currents
for equations &,, &,, and &y, and local conserved currents for the latter equations such
that the dependent variables u, v, and YT are expressed in terms the nonlocal variables
and their derivatives.

Ezample 1. For the equation &, the generating sections ¢ € ker E} of the classical

conserved current h are

V=te./os " =n TE.

where x(x) and ®(z) are arbitrary smooth functions of their arguments. Leaving apart
X () that corresponds to a local conservation law for Eq. (2) as pointed above, consider
the true nonlocal component 1) = 21 ®(E,+Z5 0= /0y) and represent the equation
5~oo in the form

- < 9= 0= 5 %
Soo:{F(Eoo) +E - — 0 % b,

—_

Vo) ) Ly (Bl ),

—
—00

- Jxdy Ox oo

Now we recall some basic facts [3] on the correlation between conservation laws and
their generating sections. Suppose h is a conservation law for the equation {F = 0}.
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Then dh = O(F) dz' A... Adz" for some O € CDiff(C**(7), C*°(7)). The fundamental
theorem states that ¢ = [0*(1), where the generating section ¢ € ker (5.
Consider the current h = U (=, + 0=/9y - 2') dy. We have

2z = . A= =
dh = (8 Hoi/ﬁx(?y 02 /0x 8Hoo/8y 8Hoo) o (8Hoo/8y

Eeo =2 ox

—i—uoo) dr Ndy =

—0

_ 1y (‘9%/39 N _oo) F(E)de A dy,

—_
—

—0o0 —0o0

(. J/

0, ordO=0

whence h is d-closed and
- 1 6Hoo 0

We see that the initial ®(z) = ¥/(z) and the conservation laws are in bijective corre-
spondence with their generating functions.
For the equation &£, the generating functions ¢ of the point symmetries are
0= 0=
=d(x) - + W(y) - NGNS
p=0) 5 m V) '(y)-E

for any smooth functions ® and W. The corresponding vector field is nothing more than
a point symmetry of the Liouville equation lifted onto €.

In Section 2, we apply the lifting technique to the point symmetries of the base
diffiety £° and show that the low-order symmetries of the Liouville equation &, can
be successfully extended up to true local symmetries of the covering equation Eo, still
demonstrating that there appear no new nonlocal 7-symmetries for the initial Eq. (2).

Integrating in nonlocal variables. We stress that transformations (3)—(5) cannot
be integrated in local variables; considering one-dimensional non-abelian coverings (7)
and extending the sets of local variables with new nonlocal variables, see (6), we can
integrate the transformations successfully. These results can be summarized as follows.

Proposition 1. For equations &,, &,, and Ev, Bicklund (auto)transformations (3)—(5)
are integrated in nonlocal variables explicitly:

(1) Bdacklund autotransformation (3) for Eq. (2):
t=u+t—InZ; and u=1t+ 0 —In=u)(—z, —y),

, to inverse the transformation and obtain u[u), the inversion x — —x and
Y — —y s required.
(2) Bdcklund transformation (4) between Eq. (2) and the wave equation v,, = 0:

v=u-+t—In=y and, conversely, u=v+t—In=

(3) Bicklund transformation (5) between Eq. (2) and the scal®-Liouville equation
T,, = exp(—27):

T =—u-+t+InZ; and, conversely, u=—"—t—In=
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Proof. We consider the case a[u](z,y) in Backlund autotransformation (3). By def-
inition, put U = exp(u) and 7 = exp(—u). From Eq. (3) we obtain the Bernoulli
equation

U, = uy - U+ exp(u —t) U,

whence U~! = T = exp(—u —t) - Z, where the nonlocal variable Z is such that D, (Z) =
—exp(2u), and the Riccati equation

(10) T, =u, T +explu+t)T?— exp(t — u).

Substituting exp(—u — t) - Z for 7 in (10), we get D,(Z) = Z2 + 2u,= — exp(2t); refer
(6) and compare the result with the derivatives D, (Z;) and D,(Z,).

The proof of other 5 cases is quite analogous: Assuming f(x,y) € {u,a,v, T} to
be a known solution to the PDE &f, we obtain either two Bernoulli equations for
Eq. (4) or one Bernoulli equation and one Riccati equation for Eq. (3) and Eq. (5)
after a proper change of variables. Solving these ordinary differential equations for
the solution g(x,y) € {u,u,v, Y} to the PDE &,, related with £ by one of Bécklund
(auto)transformations (3)—(5), we finally obtain the rules to differentiate the nonlocal
variable in one of the coverings (7). O

Remark 5. We see that the one-dimensional coverings 7 in (7) are sufficient for the
transformations (3)—(5) to be integrated. In [7], pairs of the nonlocal variables f + g,
where f, g € {u,v, T}, were demonstrated to provide the pairs f and g, related by
Bécklund transformations. Nevertheless, for any Eq. (3)-(5), at least one of these
nonlocals was treated as the potential for the other one, so that the resulting covering
was one-dimensional effectively.

Consider the diagrams (1) arising in the definition of Bécklund transformation and
apply them to Proposition 1. Bearing in mind that in all cases in (6) one of the
projectors 7 and 7y is the first order differential operator depending on the nonlocal
variable only, while another covering is the zero order morphism, we have

Proposition 2. Consider the equations (9). The relations

1 —=
u==In(-5), u=t+In (_ 2
2 i

1 =
u:iln(—Eoo)m v=t+1In (: ):
i =
u:iln(—Eg)y and T=t+In——
=)
ty
v=—In(Z}), u=t+In '(::vt)””
=i
=T
-1 (Z¢)
T:TIH(:g)y u=—t+In"— .
=i

hold.
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In other words, the nonlocal variables satisfying (9) are potentials for both solutions to
the equations &,, &,, and &y, arising in diagrams (1). The property of all the coverings
in (7) to be the nonlinear differential operators of order not grater than 1 is a really
remarkable fact. R
2. By definition, for an equation £ and a covering 7: £ — £°°, the T-shadows ¢ are
the solutions of the linearized equation fg(p) = 0. The shadow fields 3, € D¢(€) are
not true nonlocal symmetries since they do not describe the evolution of the nonlocal
variable, and, as we shall see for the Liouville equation, not all of them can be extended
up to true nonlocal symmetries.

Now we introduce new nonlocal variables such that the symmetries we are in search
of depend on them.

Let Si= S+ u, be the new nonlocal variable such that D ( Et) =0 and Dgu( Et) =

(Et) + uyy — u; — exp(2t). Consider the limit of ¥, as t — —oco. We stress that at
the point ¢ = —oo there appeares new automodel variable Yo, = u, + exp(2u)/ZE

such that Diu(Eoo) = 0. We claim that E‘oo: limy o E‘t and Y., differ by the
discrete symmetry x < y. Really, expressing the derivatives D, and Dy of ¥, and
ooy We get Dyp(Bo) = B2 + Uye — 12 and Dy(Xs) = 0 and also D.(¥s) = 0 and

Dy(z‘t) = (E‘oo)2 + Uy — uf/ Thence, we use the nonlocal variable >.,, only and treat
all relations mod the symmetry x <> y of the Liouville equation. By definition, put

Yi=(rxe—vy)- (E’t): Dx(Et) = E? + Upy — ui — exp(2t) and Dy(Et) =0.

Remark 6. Now, we can generalize the nonlocal conservation laws from Example 1 in
Section 2 for the Liouville equation as

hy = ®(z, Xy, tge — w2, ..., D (tpy — u?),...)dz, 1€N: dhy =0,

x?
where ® is an arbitrary smooth function and u,, — u?2 is the minimal y-integral for the
Liouville equation.

Nonlocal variables enable us to find shadows of nonlocal symmetries for Eq. (2) and
then to extend these shadows up to true nonlocal symmetries of the Liouville equation.

Proposition 3. (1) Let f(t,x,%;) € C®(R3) be a smooth function. Then the func-

tion
0 0 .
(11) @ = (82 + Uge — u? — exp(21)) - o + of +2uy - f = (Dy +2uy) - f(t,z,%)
(92,5 ox

1 a Te-shadow of a nonlocal symmetry of the Liouville equation.
(2) Let f(z,Xs) € C®°(R?) be a smooth function. Then, for the Liouville equation,
the second order T-shadow o(x, Yoo, Uy Uy, Uyy) 05

(12) 0 = (B2 + Upy — u2) - a(;f —i—a—f—i-Zumf ( e 2ug) - f(2, Xeo).

Remark 7. We stress that the generating functions ¢ depend on the second order de-
rivative u,, of the fiber variable u, in contrast with the local case: if the sets of base
variables {x,y} and fiber variables {u, u,, uy, ...} are purely local, then the second or-
der generating functions ¢(uyy, Uy, Uz, Uy, u, ,y) of local symmetries of the Liouville
equation are missing at all.
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Recontruction of the nonlocal symmetries. In order to reconstruct the 7;-

shadows 3, up to true nonlocal symmetries 3,, = 3, + a - 09/0%;, a € C®(E), t €
R U {—o00}, we solve the equations

Dy(a) = 3,.4(D2(51)) and Dy(a) = 3,.4(Dy(21))
for the function a.

Remark 8. In [8], the general scheme of symmetries of the Liouville equation is obtained:
0 = (D, +2u,) - f(z,w, DLw), | > 0, where the minimal y-integral is w = w,, — u2. We
see that nonlocal shadows (11) and (12) belong to the same class.

We also note that for all variables concerned we can define the weight such that
the symmetries become homogeneous w.r.t. this weight. Really, by definition, put the
weight wt(uy) = k, where k > 0, wt(uy, - w) = k + 1, and wt(ug, + ug,) = ki, if k1 = ko.
Note that the minimal y-integral w = wu,, — u> and the operator D, + u, both are
homogeneous w.r.t the weight wt with its values 2 and 1, respectively. We assume
the weight of a arbitrary function f to be trivial: wt(f) = 0, if f is a free functional
parameter in a relation we deal with.

By definition, put wt(X;) = 1 Vt € RU {—o0} and wt(k = exp(t)) = 1. Then, the
weight wt(D,(%;)) is well defined and equals 2. Obviously, wt(a) = wt(p) + 1, since
wt(0/0%;) = —1 and nonlocal symmetries are homogeneous w.r.t. the weight. Note
that for shadows (11) and (12), wt(¢) = 1, although ¢ depends on 0%;/0z (resp.,

0%00/0).

Proposition 4. (1) Let f(t) be a smooth function and the functions ¢ and
a(t, X, Uy, Uzy) be

(13) 0 =2u, - f(t) and a = 2(57 + uze —u2 — exp(2t)) - f(2).
Then, for Eq. (2), the field 5, + a - 0/0%; is a true nonlocal symmetry of the
weight 1.
(2) Let f(x) be a smooth function and the functions ¢ and a(Xeo, Uz, Uszy) be
d d d?
(14) o =2u, - f(x)+ % and a = 2(32 + Uupe — u2) - f(x) + 280 - % - d—xé
Then, for Eq. (2), the field 3, + a - 0/0X is a true nonlocal symmetry of the
weight 1.
Nonlocal symmetry (13) is defined mod CD(E) 3 ¢ - D,, g € C°(E). Thus, the
nonlocal symmetry class is [3,,,] = [—f(t) - 0/0x], where f(t)-0/0x is the translation.

Symmetry (14) is the lifting of a classical point symmetry.
As usual, there are nonlocal symmetries 5, , with z < y.

Remark 9. If any shadow (11) or (12) depends explicitly on ¥;, t € RU {—o0}, then
its shadow field 3, cannot be extended up to a true nonlocal symmetry 3, ,.

Remark 10. We see that for any smooth function ¢ the rules D, (%) = (%) + D,-
closed summand or even D,(%;) = é(t, %, D,-closed arguments) and D,(%;) = 0 to
differentiate the variable Y; provide a one-dimensional non-abelian covering over the
Liouville equation by means of (6). Still, we note that the coverings (7) provided by
Bécklund autotransformation (3) respect the weight wt(X;) = 1, so that the weights
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wt(¢) and wt(a) are well defined and wt(3, + a - 9/0%;) = 1 for any ¢ and a in
Proposition 4.

The reasoning for other possible couplings w.r.t. the coveings in (7) of the base
diffieties £, £°, and £Y°, and total diffieties (9) is quite analogous.
3. Finally, we observe the permutability property of Backlund (auto)transformations

(3)-(5)-

Proposition 5. (1) Letw?, j =1i,ii, be solutions of Eq. (2) such that By, (u,u’;t;) =
0, t; € R. Then there exists the unique solution u"(x,y) to the system

B.(u u"ty) = 0,
(15) {Bu(u”,u”’;t1) = 0,

namely, the solution u" is such that the relation

ko exp(u’) — k1 exp(u”)

n

(16) exp(u") = exp(u) Ty exp(a) — Fr exp(t)
holds, where k; = exp(t;).

(2) Let j = i,ii, and t; € R. Let v/ be solutions of the wave equation v,, = 0
such that Bu,(u,v7;t;) = 0 and v/ be solutions of the Liowville equation such
that By, (u’,v;t;) = 0. Then there exist the unique solutions u" and v" to the
systems

By (U”/, UI; t2) =0 By (ula U”/; t2) =0
and
B. (U”/, v tl) -0 B. (U”, v tl) = 0,

respectively. Denote k; = exp(t;), then we have

ko exp(v') — k1 exp(v”)

exp(u’) = exp(u) -

Y

ko exp(v") — k1 exp(v’)
k1 exp(u”) — kg exp(u)

nm\ o )
exp(v”) = exp(v) ko exp(u”) — k1 exp(u’)’

(3) Let j = i,ii, and t; € R. Let Y7 be solutions of the scal®-equation Ex such
that By (u, Y7;t;) = 0 and w/ be solutions of the Liouville equation such that
Buy(uw/,Y;t;) = 0. Then there exist the unique solutions u” and Y to the
systems

By Yty) = 0 d By, X" t) = 0
BuT(U///7 T”;tl) — 0 an BuT(U”, . tl) = 0,
respectively. We also have
ko exp(T') — k1 exp(1”)
ko exp(Y") — ky exp(Y’)’
k1 exp(u”) — ko exp

exp(u”) = exp(u)

!/

exp(X") = exp(Y) o

"k exp(u”) — ky exp
where kj = exp(t;).
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Proof. We consider Bécklund autotransformation (3) only, dealing with cases 2 and 3
quite analogously. Consider the subsystem of (15) consisting of the relations (3) with
derivatives w.r.t. x only. Then u”" defined in (16) is a unique solution to this subsystem
demonstrating the linear dependence of the 1. h. s. expressions. One easily checks that
the other subsystem composed by the relations in (3) containing the derivatives w.r.t.
y has two solutions, v and @”: u" is defined in Eq. (16) and @ is such that

k1 exp(u’) — ko exp(u”)
ko exp(—u') — ky exp(—u")’

=11

exp(@") = exp(—u)

the latter being an irrelevant solution. Thus, the function u” is the unique solution to
the whole system (15). O

Locally, the image of any Bécklund transformation (3)—(5) is unique in the vicinity
of a generic point p = (z,y) in the base M. Thus, in terms of the Lamb diagrams, we
have

Proposition 6. All transformations (3)—(5) are permutable, i.e., for any ti, ts, and
ts € R the diagrams

t t t t t
u —— u Lo = u Loy =2y
to l ltz , to l ltz ltz , and t2 l ltz ltz
u u" " u o™ " u T
t1 t1 t3 t1 t3

are commutative.

To finish with, we conclude that Backlund transformation (3)—(5) themselves do con-
tain certain information about nonlocal variables such that these transformations can
be integrated successfully. We see that the corresponding non-abelian coverings in (7)
provide true nonlocal conservation laws for the underlying diffieties. Still, the structures
on the covering equations are “too close” to the initial ones in some sence, so that the
point symmetries of the base and the total diffieties are in bijective correspondence,
and there are no nonlocal symmetries except the liftings.

The permutability property of Backlund transformations in terms of the structural
elements deformations by means of the Frolicher-Nijenhuis bracket will be discussed
elsewhere.
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