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On symmetries and cohomological
invariants of equations possessing flat representations

S. IGONIN, P. KERSTEN, I. KRASIL'SHCHIK

ABSTRACT. We study the equation & of flat connections in a given fiber bundle and
discover a specific geometric structure on this equation, which we call a flat represen-
tation. We generalize this notion to arbitrary PDE and prove that flat representations
of an equation £ are in 1-1 correspondence with morphisms ¢: & — &, £ and &
being treated as submanifolds of infinite jet spaces. We show that flat representations
include several known types of zero-curvature formulations of PDEs. In particular, the
Lax pairs of the self-dual Yang—Mills equations and their reductions are of this type.
With each flat representation ¢ we associate a complex C, of vector-valued differen-
tial forms such that H'(C,,) describes infinitesimal deformations of the flat structure,
which are responsible, in particular, for parameters in Bécklund transformations. In
addition, each higher infinitesimal symmetry S of £ defines a 1-cocycle cg of C,.
Symmetries with exact cg form a subalgebra reflecting some geometric properties of
&€ and ¢. We show that the complex corresponding to & itself is 0-acyclic and 1-
acyclic (independently of the bundle topology), which means that higher symmetries
of & are exhausted by generalized gauge ones, and compute the bracket on 0-cochains
induced by commutation of symmetries.
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INTRODUCTION

Nonlinear PDE in more than two independent variables with nontrivial invariance
properties is a sort of challenge for those who are interested in geometry of differential
equations and related topics. Evidently, chosen “at random”, such an equation will
be of no interest, but natural (whatever it means) equations arising in physics and
geometry may provide the researcher with the desired results. Thinking of the second
source (geometry), a first idea is to consider equations describing geometrical structures
(e.g., integrable distributions, complex structures, etc.) and, by definition, possessing
a rich symmetry group. One of the simplest equations of this type is the equation &
describing flat connections in a certain locally trivial fiber bundle.

Let m: E — M, dimM = n, dimE = n + m, be a smooth locally trivial fiber
bundle over a smooth manifold M. A connection V in the bundle 7 is a C*°(M)-linear
correspondence that takes any vector field X on M to a vector field VX on E in such
a way that m,(V.X)y = Xy for any point § € E. A connection is called flat if

VIX,Y] = [VX, VY]

for any two vector fields X and Y on M.

Let U C M be a local chart, such that m becomes trivial over i, with local coor-
dinates x1,...,z,, v, ... 0™ in 77 (U), x1,..., 1, being coordinates in Y. Then V is
determined by n x m arbitrary functions v® = v®(z1, ..., z,,v!, ..., v™) by the relations

V(0z;) = 0z; + va@va, i=1,...,n,

a=1

where and below 0x; = 0/0x;, Ov* = 0/0v?, etc., while the condition of flatness is
expressed in the form

- ov® m ové
(V(0x;), V(0x;)] = Z (8:; + Zviﬁa—;ﬁ> o

a=1 B=1
"o S~ 50
-3 (53055 oo
1,7 = 1,...,n. Thus, flat connections are distinguished by the following system of

nonlinear equations

O N O 0 3 RN 1]
g BZ0 T 0P 1
axi+;v18vﬁ aa:j+ﬁz i vl (1)
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1<i<j<n,a=1,...,m. This is a system of mn(n — 1)/2 equations imposed on
mn unknown functions v

A strong motivation to study this equation is the following. If one assumes that the
coefficients v{* of a connection are expressed in terms of some functions f; in a special
way, then the flatness is equivalent to a system & of differential equations on f; such
that each solution to £ gives a flat connection. It is well known that many integrable
nonlinear PDEs arise exactly in this way. Treating the equations £ and & with their
differential consequences as (infinite-dimensional) submanifolds of the corresponding
infinite jet spaces, we obtain a smooth map

p: & — &, (2)

which preserves the Cartan distribution. Such a map generates on £ an additional
geometric structure which we call a flat representation. In particular, the identical map
id: &. — & determines a canonical flat representation for & itself.

Thus & is a sort of universal space where integrable equations live (or at least a
broad class of them). In particular, we show that coverings (generalized Lax pairs) of
equations in two independent variables as well as the Lax pairs of the self-dual Yang—
Mills equations and their reductions lead to flat representations. Therefore, studying
the geometry of &. may help to obtain new knowledge on integrable systems, and in
this paper we begin the study. Despite the fact that locally any flat connection can be
obtained from a trivial one by means of a local automorphism of the bundle, there is
no natural way to parameterize all flat connections, and this makes the geometry of &
nontrivial.

We show that each flat representation (2) leads to several complexes of vector-valued
differential forms on £ constructed by means of the Nijenhuis bracket. One subcomplex
denoted by C, is of particular interest, since its 1-cocycles are infinitesimal deforma-
tions of the flat representation, the exact cocycles being trivial deformations. As usual,
higher cohomology contains obstructions to prolongation of infinitesimal deformations
to formal deformations [3]. In particular, zero-curvature representations and Bécklund
transformations dependent on a parameter provide an example of a deformed flat rep-
resentation and determine, therefore, some 1-coholomolgy classes of C,.

In addition, each higher infinitesimal symmetry S of £ defines a formal deformation
and, therefore, a 1-cocycle cg in Cy,. Symmetries with exact cocycles cg form a Lie
subalgebra with respect to the commutator. If morphism (2) is an embedding then it is
precisely the subalgebra of those symmetries which are restrictions of some symmetries
of the equation of flat connections. If (2) is coming from a covering of £ then this
subalgebra consists of symmetries which can be lifted to the covering equation.

The complex Ciq corresponding to the identical flat representation id: & — &g of &
itself is a new canonical complex associated with the bundle 7: £ — M. Symmetries
of & are in one-to-one correspondence with 1-cocycles of this complex.

We prove that

HY(Cy) = H'(Cyq) =0 (3)

independently of the topology of M and E. This implies that the higher symmetries of
& are in one-to-one correspondence with 0-cochains, which are sections of some vector
bundle over & of rank m. That is, symmetries are determined locally by m-tuples
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of smooth functions on &. This is similar to the case of an infinite jet space. Due
to their coordinate expression, it is natural to call them generalized gauge symmetries.
The commutator of symmetries induces a bracket on 0O-cochains, and we write down
this bracket in explicit terms.

Note that only for a few multidimensional equations the complete description of
symmetries is known. We mention the paper [1], which proves that symmetries of the
vacuum Einstein equations in four spacetime dimensions are also freely determined by
5-tuples of smooth functions on the equation.

The paper is organized as follows. In Section 1, we review some facts on the geome-
try of PDE and the Nijenhuis bracket. In Section 2, we introduce the equation of flat
connections and complexes of vector-valued forms on it. We prove (3) and deduce the
description of symmetries of & in Section 3. In Section 4, we introduce flat represen-
tations in general and prove the above facts on their deformations and relations with
symmetries. The bracket on 0-cochains of Ciq is computed in Subsection 4.4. Finally,
in Section 5, we show that coverings of PDE and the Lax pair of the self-dual Yang-
Mills equations lead to flat representations ¢ and study the map from symmetries to
1-cocycles of C, for these examples.

1. BASIC FACTS
This is a brief review of the geometry of PDE. We refer to [2, 8] for more details.

1.1. Notation agreements. Let M be a smooth manifold and 7 be a smooth fiber
bundle over M. Throughout the paper we use the following notation:
e D(M) denotes the C*°(M)-module (and Lie algebra over R) of vector fields on
M. A distribution on M is a C*°(M )-submodule of D(M).
e More generally, if P is an arbitrary C°°(M)-module, then D(P) denotes the
module of P-valued derivations:

D(P) = { X € homee (1) (C*(M), P) | X(fg) = fX(9) +9X(f), f,9 € C*(M))}.

e A'(M) is the module of i-differential forms on M while
dim M

A*(M) = B N ()

is the corresponding algebra (with respect to the wedge product A).
e ['(7) (resp., Noc(m)) is the set of all (resp., all local) sections of 7. In particular,
when 7 is a vector bundle, I'(7) is a C'*°(M)-module.

1.2. Jets and equations. Let 7: E — M be a fiber bundle and 6 € E, w(0) =z € M.
Consider a local section f € I'oo(m) whose graph passes through the point 6 and the
class [f]% of all local sections whose graphs are tangent to the graph of f at 6 with order
> k. The set

JEm) = {[f5 | f € Tioe(m), z € M }
carries a natural structure of a smooth manifold and is called the manifold of k-jets of
the bundle 7. Moreover, the natural projections

T JNT) = M, [l m, mgens ST — T (), [AE - [AE

x x x
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are locally trivial bundles. If 7 is a vector bundle, then 7 is a vector bundle as well

while all 7 ;_; carry a natural affine structure. So, we have an infinite sequence of
bundles

Co IR L R () - s TN ) S () = E S M

and its inverse limit is called the manifold of infinite jets and denoted by J>°(7). In an
obvious way, one can consider the fiber bundles 7o : J*(7) — M and 7o : J*(7) —
J¥(m). Using the notation similar to the above one, we can state that J°(7) consists
of classes of the form [f]2°.

Let f € I'oe(m); then one can consider the sections ji(f) € Tioe(mr), K =0,1,..., 00,
defined by jx(f): = — [f]¥ and called the k-jet of f. Consider a point § = [f]>° € J>(r)
and the tangent plane to the graph of joo(f) at 6. One can show that this plane does
not depend on the choice of f and is determined by the point # only. Denote this plane
by C@.

Let X € D(M). Then by the above construction there exists a unique vector field
CX € D(J*(r)) such that CXy € Cp and (7 ).CXp = X, for any 6 € J°(7) and z =
Too(#). Thus we obtain a connection C in the bundle 7o, called the Cartan connection.
The distribution CD C D(J* (7)) generated by the fields of the form CX, X € D(M),

is called the Cartan distribution.

Proposition 1. The Cartan distribution is integrable in the formal Frobenius sense,
i.e., [CD,CD] € CD. The Cartan connection is flat, i.e., [CX,CY]| = C[X,Y] for any
X, Y € D(M).

Remark 1. Consider a point 6, € J*(x), k > 0. Then it is completely determined
by the point 0y 1 = mx_1(0k) = [fIE7, f € Tee(m), and the tangent plane to the
graph of j,_1f at 0;_;. Consequently, sections of the bundle 7y _1: J*(7) — J*1(7)
are identified with horizontal n-dimensional distributions on J*~!(7). In particular,

sections of w1 : J'(7) — E are just connections in the bundle 7.

A k-th order differential equation imposed on sections of the bundle 7 is a submanifold
E® C J¥(m) of the manifold J*(7). Any equation may be represented in the form
£ ={0€ Jn) | (Ae)o =0, Ag € T(mi(€)) },

where £: E' — M is a bundle and 7;(§) is its pullback. The section Ag = A can
be understood as a nonlinear differential operator acting from I'(7) to I'(§): A(f) =
J(f)*(Ag) € T'(§), f € T'(m). Of course, neither &, nor A is unique.

The [-th prolongation of £° is the set

E' = {[f]¥ | the graph of ji(f) is tangent to £ with order >1 at [f]* € £},

[=0,1,...,00. Restricting the maps mx4; and Tg4; 441 to E and preserving the same
notation for these restrictions, we obtain the sequence of maps

T — T
RPN s s N - et SN (UL 5 BN V)

Without loss of generality, one can always assume 7 to be surjective. Imposing natural
conditions of regularity, we shall also assume that all £ are smooth manifolds, while
the maps Ty ptri—1: E' — £1 are smooth fiber bundles (such equations are called
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formally integrable). Everywhere below the infinite prolongation £ will be denoted
by £.

It can be shown that any vector field of the form CX, X € D(M), is tangent to
E. This means that the Cartan connection restricts from the bundle J*°(7) — M to
& — M and determines on £ a horizontal n-dimensional integrable distribution, the
Cartan distribution on £. We denote by CDg C D(E) the submodule generated by the
vector fields lying in the Cartan distribution on €. Its maximal integral manifolds are
the infinite jets of solutions of £. A (higher) symmetry of £ is a w-vertical vector field
on & preserving the Cartan distribution, i.e., S € D(&) is a symmetry if and only if

(a) S(f) =0 for any function f € C*(M) C C*(€E);
(b) [S,Y] lies in CD¢ whenever Y € D(E) lies in CDg¢ (in fact, from (a) it follows
that [S,CX] =0 for any X € D(M)).
The set sym £ of all symmetries forms a Lie R-algebra with respect to the commutation
of vector fields. In the trivial case £ = J*°(7) we denote this algebra by symm. A
complete description of symmetries is given by the following

Theorem 1. Let m: E — M be a locally trivial vector bundle. Then there exists a
one-to-one correspondence between sym  and sections of the pullback 7%, o(7"), where
7v: TE — E is the vertical tangent bundle to E. If E° C J*(x) is an equation given by
a differential operator A: I'(m) — I'(§) and satisfying the above formulated conditions,
then sym & is in one-to-one correspondence with solutions of the equation

le(p) =0, (4)

where o is a section of the pullback w35, o(7") restricted to & while L¢ is the linearization
of A also restricted to £.

Remark 2. We call ¢ the generating section of a symmetry. It may be considered as
an element of the module I'(7") ®@¢oe(g) C(J>°(7)). When 7 is a vector bundle, this
module is isomorphic to I'(m%, (7)) = I'(7) @cee(ary C*(J*(7)).

Coordinates. Let U C M be a local chart with coordinates z1,...,x, and U x R™ be

a trivialization of m over U with coordinates v!,...,v™ in R™. Then in 7' (U) the
so-called adapted coordinates arise defined by
v*([f]F) = aki , fe€le(m), zeld, a=1,...,m, (5)
g 0x;, ... 0z, |,
where 0 = iy...1; is a multi-index, 1 < i, < n. If |o| < k, then v together with
T1, ..., 7, constitute a local coordinate system in 7, ' (U) C J*(rr).

In these coordinates, the Cartan connection is completely determined by its values on
partial derivatives and the corresponding vector fields are the so-called total derivatives

C(0x;) = D, = 0x; + va,“l o, (6)
1=1,...,n. The Cartan distribution is given by the system of Cartan forms

ws = dvs — Z v dx;, (7)
i=1
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while the correspondence between I'(7% (7)) and sym 7 (see Theorem 1 and Remark
rem:gen-sect) is expressed by the formula

p=(p' ") Dy =Y Dy(p”) v, (8)

where D, = Dmi1 0---0 Dmik and 9, is called the evolutionary vector field with the
generating section . Finally, if A: I'(r) — ['(£) is locally given by the relations

S S o /
u'=F%(x1, .. Ty, 00, 000), s=1,000,m

) Yo

where m’ = dim ¢ and u® are coordinates in the fibers of the bundle & over U, then

ors
gA: . a—vf,“D(, 5 a217"'>m7$:17"'7m/’ (9)

is its linearization. To get the expression for (¢ it suffices to rewrite (9) in internal
coordinates on £.

1.3. Nijenhuis bracket. Let N be a smooth manifold and consider the Z-graded
module D(A*(N)) = @M ND(AY(N)) over C®(N) of A*(N)-valued derivations. First
note that for any vector field X € D(N) and a derivation Q: C*(N) — A*(N) one can
define a derivation X 4 Q: C®(N) — A" }(N) by

(X2 Q)(f) =X Q(f), felCPN),

(the inner product, or contraction), where X _s Q(f) is the usual inner product of a
vector field and a differential form. Further, if w € AJ(N), then the inner product
Q L we A"7Y(N) is defined by induction on 7 + j:

XL (Qow) =(X_Q)w—(-1)QL (X w)

with an obvious base. Note that €2 is an operation of grading 7 — 1.
Now, let us define the Lie derivative Lo: A/(N) — A7 (N) by

Lo(w) =d(Q 2 w) + (=1)'Q 1 (dw).
Proposition 2. For any elements Q € D(A'(N)) and Q' € D(AY(N)) there exists a
uniquely defined element [Q, '] € D(A™ (N)) satisfying the identity
[Lo, L] = Lio,01,
where [Lg, Lo/| denotes the graded commutator.

The element [§2, Q'] is called the Nijenhuis (or Frolicher—Nijenhuis) bracket of Q and
(Y. The module D(A*(N)) is a graded Lie algebra with respect to this bracket, i.e.,

[Q, Q]+ ()Y, Q] =0, (10)
[[Q> [[Q/> Q//]H] = [[[[Q> Ql]]? Q//]] + (_1)ii/ [[Q/> [[Q> QH]”L (11)

where i, ¢/ and i” are the degrees of €, ' and Q”, respectively. Note that for “decom-
posable” elements of D(A*(N)), i.e., for elements of the form Q@ = w ® X, w € A*(N),
X € D(N), acting on f € C*(M) by (w® X)(f) = X(f)w, one has

[wed X, X]=wAd @[X, X+wAX(W)X — X' (W) A @ X
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+ (D) dw A (X W)@ X'+ (-1D)"(X' 2 w) A do' @ X, (12)

where X, X' € D(N), w € AY(N), ' € A”(N).

Let U € D(A'(N)). Then the operator dy = [U,-]: D(AY(N)) — D(A™(N)) is
defined. If [U, U] = 0, then, due to properties (10) and (11), the operator Jy satisfies
the condition 0y o dy = 0 and thus we obtain the complex

0 — D(N) 25 D(A'(N)) — - - — D(AY(N)) 2% D(AT(N)) — -+ (13)
with the corresponding cohomology groups H{;(N).

1.4. Coverings. Let £: N — M and £: N’ — M be two fiber bundles endowed with
flat connections V and V' respectively. Assume that N’ is fibered over N by some
smooth surjection 7: N’ — N and & = £ o 7. We say that the pair (N, V') covers the
pair (N, V') (or 7 is a covering) if for any x € M, X € D(M) and ¢ € N’ one has
(V' X)or = (VX),@). A covering 7 is called linear if

(1) 7: N — N is a vector bundle;

(2) vector fields of the form C' X, preserve the space Lin(7) C C*°(N’), where Lin(7)
consists of smooth functions on N’ linear along the fibers of 7.

UEN=E &E=70: & — M and V =C is the Cartan connection on &, we speak of a
covering over €. In local coordinates, any covering structure over £ is determined by a
set of T-vertical vector fields X1, ..., X,, on N’ such that the conditions

(D, + Xi, Dy, + X;] =0

hold for all 1 < i < j < n, where D, are the total derivatives given by (6). In this
case, if 7 is finite-dimensional then the manifold N’ is locally also isomorphic to an
infinitely prolonged differential equation called the covering equation with the Cartan
connection V' and the total derivatives D,, + X.

A detailed discussion of the theory of coverings over nonlinear PDE can be found in
[2, 10].

1.5. Horizontal cohomologies. The notion of the Cartan connection can be gener-
alized. Namely, consider an infinitely prolonged equation 7..: &€ — M and two vector
bundles &, ¢ over M. Let A: T'(¢§) — I'(¢) be a linear differential operator. Con-
sider the pullbacks 7% (), 7% (£') and denote the corresponding modules of sections by
L(m, &), D(m, &), respectively. Then there exists a unique linear differential operator
CA:T'(m, &) — I'(m, &) satisfying the local condition

Joo(f)'CA(P) = AlJeo(f)" ()

for any f € Toc(m) such that = [f]2° € € and any ¢ € Toc(7, &) in the neighborhood
of 6.

In particular, if ¢ = ¢’ /\Z T*M — M is the i-th external power of the cotangent bun-
dle, elements of the module T'(7, £) C AY(€) are called horizontal forms while the module
itself is denoted by A‘(€). Taking the de Rham differential d: A*(M) — A" (M) and
introducing the notation Cd = dj,, we obtain the complex

0o dy, 7 dp, 7 n
0— C=(E) =5 AL(E) — -+ — NL(E) = AHE) — - — AR(E),
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the horizontal de Rham complex of £. Its cohomology at the i-th term is denoted by
H (&) and called the horizontal cohomology. In the adapted coordinates we have

d(fdzi, A N dei) =Y Dy (f)das A dag, A A dag,, f € CF(E). (14)
i=1

Proposition 3. If £ = J®(n), m: E — M, then H!(E) for i < n is isomorphic to the
ith de Rham cohomology of the manifold E.

Remark 3. Let 7 be a linear covering over £ and P = I'(7). Then one can extend
the horizontal differential to dj: A} (€) ® P — AT (€) ® P and thus obtain horizontal
cohomologies with coefficients in P.

For more details on horizontal cohomology see [9].

2. THE EQUATION OF FLAT CONNECTIONS

2.1. More on connections. Let 7: £ — M be a fiber bundle. Consider the C*(E)-
module D(M, E) of C*°(E)-valued derivations C*°(M) — C*°(E). Due to the em-
bedding 7*: C*°(M) — C*(E), for any vector field X € D(F) one can consider its
restriction Xy € D(M, E) to M. A connection in the bundle 7 is a C'*°(M)-linear map
V:D(M) — D(E) such that V(X)y = X for any X € D(M).

Remark 4. If M is finite-dimensional, this definition becomes equivalent to the following
one: a connection in a bundle 7 is a C*°(F)-linear map V: D(M, E) — D(F) such that
V(X)y = X for any X € D(M, E). In particular, we use this fact to define the

connection form below.
Consider the element Uy € D(AY(E)) defined by
X 2 Us(f) = (VXa)(f),
where X € D(E), f € C®(E). The element Uy € D(A'(F)) defined by
X 2 Uv(f) = X(f) = (VXu)(f)

is called the connection form of V. Obviously, Uy + Uy = d, where d: C*(E) — A(E)
is the de Rham differential

Recall that a connection V is called flat, if [VX, VY] = V[X,Y] for any X, Y €
C>(M).

Proposition 4. For any Q € D(A*(E)) one has [Uy,Q] = [Uv,Q], and V is flat if
and only if [Uy, Uv] = [Uy, Uy] = 0.

From Proposition 4 and Subsection 1.3 it follows that to any flat connection V we
can associate the complex

0 — D(E) 2% D(AY(E)) — - — D(AY(E)) 2% DATHE)) — -+, (15)

where Oy = [Uv,:] = [Us,-], cf. (13), and the corresponding cohomology groups
HL(E).
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Remark 5. In any fiber bundle 7: F — M one can consider m-vertical vector fields
defined by

DYE)={XeD(E)| Xy=0}.
Dually, horizontal g-forms can be introduced as
AME)={weN(E)| X1o...0X, sw=0, X1,...,X,€DE) }.

Given a flat connection V, one can split the module D(E) into the direct sum D(E) =
DY(E) @& VD(E), where VD(E) C D(FE) is the submodule generated by the vector
fields VX, X € D(M). This splitting induces the dual one: A'Y(E) = A} (E) & Ay (E),
where AL (E) is the annihilator of VD(E). Finally we obtain the splitting A*(F) =
BicptqAP(E), where API(E) = AG(E) @ A} (E) and AL (E) is defined in an obvious
way.

Proposition 5. Let Oy be the differential from (15). Then
Ov(D(A™(E)) C D(AP(E))
and thus the complezes
0 — D(A?(E)) %% D(APY(E)) — -+ — D(API(E)) % DAMH(E)) — - (16)
are defined.
The corresponding cohomology is denoted by H&?(E).

Remark 6. In the sequel, we shall also deal with subcomplexes of complexes (15) and
(16). As an example, let us indicate the complex

0= D'(E) % D(AY(E)) — - — D*(A'(E)) “5 DY AT (E) — - (17)
of vertical A*(E)-valued derivations.
Coordinates. Let U C M be a local chart with the coordinates z1, ..., z,, v, ..., v™ in

71 U) C E (the case m = oo is included). Then, as it was noted above, a connection
V in 7 is given by the correspondence

0x; — V,, = V(0x;) = 0x; + va o, i=1,...,n, vf € C*(E).

a=1
By definition, one has
Uy = dei @V, Uy = Z (dva — vy dxi> ® 0v®. (18)
i=1 a=1 i=1

Restricting ourselves to vertical complex (17), from (12) and (18) we get

Oy ( ; 0" @ 811“) - é dz; A i‘: (vmi(ea) - ﬂ: %W) @ e, (19)

where 0% € A*(E).
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2.2. A coordinate-free formulation. Fix a finite-dimensional bundle 7: £' — M and
recall that connections (see Remark 1) in this bundle are identified with the sections of
the bundle 71 9: J!(w) — E. Consider a point 6y € J!(m1 ). Then it can be represented
as a class [V}, 0 = (m1,0)(61), of local sections of g, or local connections in the the
bundle 7 in a neighborhood of the point m(6) € M.

Clearly, the value of [Uy, U] at @ is independent of the choice of a representative V
in the class #; = [V]} and is determined by the point 6; € J'(m1) only. The equation
of flat connections is defined to be the submanifold

E={0 € J(mo) | [Us.U5],, ) =0, 61 = [V]5}.

Indeed, by Proposition 4, a section s of m; ¢ determines a flat connection if and only if
s(E) C €.
In adapted coordinates this equation can be rewritten as

D (Dzi +3° v?Dva> ®dri, Y (Dmi +3 vava> ® dai] = 0, (20)

i

or, equivalently,

(D, + > 08 Dye, Dy + Y 08Dy] =0, 1<i<j<n,

where D,., i« = 1,...,n, Dy, a = 1,...,m, are the total derivatives correspond-
ing to dx; and 0v?®, respectively, by the Cartan connection C in the fiber bundle
(7'('170)002 JOO(’]TL(]) — K.

We shall now describe the element ) (Dmi +> . vf“Dva) ® dx; appearing in equation
(20) in a new, invariant way. To this end, consider the Cartan connection C™ in the
bundle 7, : J>(m) — M. This connection takes any vector field X € M to the vector
field C™X on J*°(7). Due to the projection mo: J(m) — E, we can restrict C™X
to E (more precisely, we restrict the map C™X: C®(J®(w)) — C*°(J>®(7)) to the
subalgebra C*(E) C C*°(J*(m))). This restriction, (C™X)p, is an element of the
module D(E, J'(r)), and, by Remark 4, since dim £ < oo, we can apply the Cartan
connection C thus obtaining a vector field on J*(m o). The sequence of maps

D(M) <5 D(J* () 20 bR, J N (7)) S D(J>(m10))
results in a new connection Ci.: D(M) — D(J*(m)) in the bundle
T=m0o(mMp)eo: J(m1,0) — M.
For this connection, we shall use the notation Up. = Ue, and O = O, .
It is easily checked that in local coordinates one has

Ue =Y (Do, + Y _ 09 Dye) @ da;

(2 e

and we have the following

Proposition 6. The equation of flat connections € C J(m1 ) is distinguished by the
condition [Us, Ufc]](,l =0, 6, € J'(m10). All vector fields of the form Ci. X, X € D(M),
are tangent to € C J®(m1) and thus the restriction of C. to the subbundle € — M of
the bundle 7w: J®(m ) — M is flat.



12 S. Igonin, P. Kersten, I. Krasil’shchik

3. SYMMETRIES OF THE EQUATION OF FLAT CONNECTIONS

From the last proposition it follows that the connection Ci. determines on &£ the
complexes similar to (16). We are especially interested in the case p = 0 and thus
obtain

8fc

0 — D) % D(AL(E)) &

= D(AL(E))

=S DAFTHE) — - (2D)

where O = O¢,, .
Consider now in D(&) the submodule ¥V = VY spanned by the vector fields Dy,
a=1,...,m, and the modules V? = A} (£) @ V C D(A](E)).

Lemma 1. The modules V7 are preserved by the differential Oy, i.e., (V1) C VITL.
Proof. Indeed, by (19) one has

Orc(f diy A A diy @ Dyo) = Y Dy(f)dag A dagy, A... A di, @ Dyo
=1

—(=D)"> Y D)) fdx; Ny, A... A dri, @ Dy, (22)

i=1 B=1

where f € C*(&) and, as everywhere below, D; = D,, +) 5 v’ D,y = Cid; is the total
derivative with respect to the connection Cg. OJ

Consequently, we obtain the complex
Oavozvﬂvl%..._)Vqﬂyqﬂ_)... (23)

Let us now return back to the equation of flat connections written in the form (20).
Since this equation is bilinear, its linearization in local coordinates is of the form

[[UfC> Z @?Dva ® dxl]] + [[Z @?Dva X dzh Ufc]] = QHUfC> Z @?Dva ® dxl]] = 07
where ¢ = Zm ¢ Dye ® dx; is the generating section of a symmetry, & € C>(E), or
gggp = 28&@ =0, ¢pe€ % (24)
Proposition 7. The map
sym&. — V', S [Ur, 5] (25)

1s an isomorphism of the space of symmetries onto the space of 1-cocycles of com-
plex (23).

Proof. Let S € sym &.. Since S commutes with all total derivatives, we have [Ug., S] €
VL. Moreover, [S,Us] is a cocycle, since [Ug,Us] = 0. The fact that (25) is an
isomorphism onto the kernel of J¢. follows from the above coordinate consideration,
since —[Ug, S| = 3, , S(v) Dye ® da; is nothing but the generating section of the
symmetry S. O
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Remark 7. It is not surprising that in (24) the symmetry generating section is an
element of the module V!. Indeed, in our case the bundle § = 7 : J*(7) — F is affine
and 73 ; (see Remark 2) is isomorphic to the pullback 77 (7 ® 7%), where 7*: T"M — M
is the cotangent bundle. Consequently, the module of generating sections is isomorphic
to V1.
Theorem 2. Complex (23) is 0-acyclic, i.e.,
ker (8fcz YV — Vl) =

and 1-acyclic, 1.e.,

Ok (V) = ker (8fc: V- V2).

Corollary 1 (description of symmetries). Any symmetry ¢ = (¢%), i = 1,...,n,
a=1,...,m, of equation (1) is of the form

90 —D fa Z,U ﬁfﬂ (26)
f=1

for arbitrary functions f* € C>(E).

In Subsection 4.4, we shall describe a Lie algebra structure of symmetries in terms
of functions f¢.

Proof of Corollary 1. The result immediately follows from Theorem 2 in combination
with (22) and (24). O

To prove Theorem 2, we shall need some auxiliary constructions. Consider the fol-
lowing smooth functions on &

A= DyaD(v®), |I] >0, (27)
where Dya = Dyoy 0 ---0 Dyey, Df = D;; 0---0 D, for the multi-indices A = a3 ... oy

0

and [ = ;... respectively. In particular, vj™ = v* and via’@ = v, It is easily seen

that the functions z;, v%* form a system of coordinates on £. Let F, C C*°(E) be the
subalgebra of functions dependent on the variables
T, U?A, 11| <,

only. Then we have

Fr C Frnn | JF =C(8).

r>0
Evidently, for f € F, one obtains
0
D)= vt af + mod F,. (28)
o, AT 1

We have also the filtration V¢ C V| in the modules V7, where VI C V? consists of
forms with coefficients in F,. From (22) and (28) we get

6fc(f d$11 VANA dIl X Dva)

= Z > it da A day, A A dpg, ® Dye mod VI (29)
i=1 I,5,A
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On the other hand, consider the infinite-dimensional vector bundle
7 R® xR" - R"

with the coordinates u®*, o = 1,...,m, A = a;...q; with a; > 0, along fibers and

coordinates y;, i = 1,...,n, in the base. The infinite jet bundle J*(7") — R" of 7’ has

the adapted coordinates

A A
= Dy, (u™?)
along the fibers, where, as above, D, denotes the composition of total derivatives.
To any element
5= f{dr;® Dy €V
(e
and an integer a > 0 we associate an m-tuple w(s,a)!,... w(s,a)™ of parameter-de-

pendent horizontal 1-forms on J>(7') as follows.
Let r(s) be the minimal integer such that all the coefficients f{* of s belong to F, ().

Replace the variables v/ with |I| > 7(s) — a in f* by u$* and denote thus obtained
functions by f&. We treat f* as functions on J*(n’) dependent on the parameters
Z1,...,T, and v?’A with |I| < r(s) —a. Set

a)® = Z ng'a dy;.

We say that an element s € V! is semzlznear if the coefficients of s are linear with
respect to the highest order coordinates v®%, |I| = r(s).

Lemma 2. The following facts are valid:

(1) If s € V' and O(s) = 0 then dj(w(s,0)*) = 0 for each a and for all values of
the parameters, where dy, is the horizontal de Rham differential on J>(7').
(2) If s € V' is semilinear, r(s) > 2, and O(s) = 0, then dy(w(s,1)*) = 0.

Proof. (1) By (29) and (14), the equations dj(w(s,0)*) = 0 for all &« = 1,...,m are
equivalent to
Ok(s) =0 mod V2

(2 ) Let F, C F, be the F,_i-submodule generated by U[ , |[I| = r, and, respectively,
let V! C V! be the subset of forms with coefficients in F,. Then from the identity

DZ7DUO‘ - Z,Uﬂa P (30)

we obtain
D) = o mod Fiy. (31)
By (22) and (31), the equation

Oke(s) =0 mod Vf(s Vr(s

for semilinear s implies dp(w(s, 1)*) = 0. O

Lemma 3. Any cocycle s € V' with r(s) > 1 is semilinear.
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Proof. If there is a nonlinear coefficient, we can fix the values of z;, v?’A, || < r(s),
such that some form w(s,0)* is not linear with respect to u$, |I| = r(s), for these
values of the parameters. Proposition 3 implies

H;(J>(x')) = 0. (32)
By Lemma 2 (1) and (32), we have w(s,0)* = dj,(w’) for some function dependent only
on u®* with |I| = r(s) — 1. Taking into account (14) and (6), we see that w(s, 0)* is
linear. U

Lemma 4. For each cocycle s € V! there exists a cohomological cocycle with coefficients
m fl .

Proof. Assume that r(s) > 2. By Lemma 3, Lemma 2 (2), and (32), we have
w(s, 1) =dp(wy) (33)

for some functions w, € C*(J>(x')) dependent also on the parameters z;, v%* with
|I| <r(s) —2. Moreover, we can assume that w, depend only on the coordinates u?’A
with |I| < r(s) — 1. Replace the variables u?’A in w, by v?’A and denote the obtained

functions by w,. Consider the vector field
I ~ 0
S = Z'LUQDva € Vr(s)—l‘

Then from (33) and (29) we have r(s — O (s')) < r(s) — 1. Proceeding in this way, by
induction on r(s) one completes the proof. O

Proof of Theorem 2. The first statement, i.e., 0-acyclicity, is proved by direct compu-
tation. This means that it is sufficient to prove the second statement of Theorem 2
locally.

Let s € V! be a cocycle. By Lemmas 3 and 4, there is a cohomological cocycle

$'=Y fldr; @Dy eV
i7ﬁ
such that the functions ff belong to F; and are linear with respect to the coordinates
v 1) = 1. From dyw(s',0) = 0 we obtain

1 A 1 A
ff:fiﬂ(xl,...,xn,v,...,vm)—l—Zfﬂ (1, oy Ty v, 00
7,A

By (22), the equation Ok (s") = 0 is equivalent to
Di(f}) =Y ul" f] = Di(f) =Y o7 1} (34)
y=1 =1
for all §, i and j. Comparing equations (1) and (34), one shows that the functions
fﬂ’A(arl, oy Ty, vt oo ™) vanish for [J| > 1, that is,

7= fiplrn om0+ Y (@, a0t 0™ 0] (35)

y=1 6=0
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Finally, it is easily seen that if s’ € V] with coefficients (35) satisfies (34) then s’ = O (F)
for some F € V. O

4. FLAT REPRESENTATIONS

4.1. Definition and the main property. Consider a formally integrable infinitely
prolonged differential equation £: € — M with the Cartan distribution CD C D(E),
where M is the space of independent variables. A flat representation of £ is given by a
fibering m: M — N and a flat connection F in the composition bundle n = 1of: &€ — N
such that for each X € D(N)

F(X) eCD. (36)
Let 1, ...,z be local coordinates in N and y',...,y™ be coordinates along the fibers
of the bundle 7. Then any flat representation is determined by the correspondence
axiHDmi—l—Za?Dya, i=1,...,n, (37)
a=1

where D,., Dy« are the total derivatives on £ and the functions a! € C*(&) satisfy the
condition

(Do, + Y a8 Dye, Dy + > a¥Dy] =0, 1<i<j<n. (38)
a=1 a=1
Let & be the equation of flat connections in the bundle 7 and consider a morphism
p: & — & such that the diagram

¥

5 5&

(39)

M

is commutative. Take a point § € €. Then () is the infinite jet of some flat connection
Vy in the bundle 7. This means that any tangent vector to N at the point () can be
lifted by V to M and then by the Cartan connection in £ to a tangent vector to &£ at
the point 6. Evidently, this procedure is independent of choice of V and we obtain a
flat representation for &£.

The converse construction is also valid, i.e., any flat representation determines a
morphism ¢ satisfying the commutativity condition (39). To establish this fact let us
consider a point 6 € £ of the equation £ and a tangent vector w to N at the point 7(f).
Then we can construct a vector 0x(w) € T¢ M by

OF(w) = &|,(F(w)) € Teo) M, (40)

and one has 7, (0r(w)) = w. Assume now that £ C J*°(() for some bundle ¢ over M
and the connection F can be extended to some connection F in the bundle 7 o (y in
such a way that F also possesses property (36) (.7-" may not be flat). This can be always
done. For a point § € &, consider the points x = £(0) € M, 2/ = w(x) € N and a
neighborhood U’ C N of ' in N. Set U = n=H(U') C M. Let 0 = [f]2°, f € [oe(¢) and
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Ur = joo(f)U) C J>(C). Then, using (40), for any point & € U and a vector field X
on U" we set )
(VoX)z = 02(Xs),

where § = joo(f)(%) and &’ = n(&). It is straightforward to check that Vj is a local
connection in 7, its infinite jet at x depends on € only and lies in &.. The map
p: 0 — [Vy|> is a morphism of £ to & and the corresponding flat representation
coincides with F. Thus we obtain

Theorem 3. Let £: £ — M be an infinitely prolonged equation and m: M — N be a
fiber bundle. Then flat representations of £ in the bundle ™ are in one-to-one corre-
spondence with the morphisms of € to the equation of flat connections for w satisfying
commutativity condition (39).

Remark 8. In local coordinates the construction of the morphism ¢ looks quite simple.
Namely, let a flat representation be given by the functions a, see (37). Then we set

©*(v¥) = af and take all differential consequences of these relations, i.e.,
¢ (Vi) = Do(ai).

Due to relations (38), these formulas are consistent. Here v{* are the coordinates intro-
duced at the end of Subsection 2.1.

4.2. Deformations of a flat representation. Integrable equations possess paramet-
ric families of flat representations. Let us study this structure.

A smooth family of flat connections F(¢) in the bundle 7 is called a deformation of
a flat representation F° if F(g) meets (36) and F(0) = F°. Below we also consider
formal deformations, which are not smooth families, but formal power series in €.

Set U = Uro € D(AY(E)). Consider the submodule Vg C CD of n-vertical Cartan
fields and set Vi = A7 (€) @ V € D(A](E)).

Let F(g) be a (formal) deformation of F° = F(0). From (36) it follows that Ug(.) =
U + Use + O(g?), where U; € VE. By Proposition 4, we have

[U+ Uie + O(?),U + Uy + O(e?)] = 2[U, UpJe + O(¢?) = 0.
Therefore, the infinitesimal part U; € Vi of any deformation satisfies the identity
[U, U] = 0. (41)
For any vector field V' € Ve we can consider the formal deformation
1
o (U) = U+ [V, Ule + 5[V [V U + - (42)
with the infinitesimal part
[V.U]. (43)
Since such deformations exist independently of the equation structure, it is natural to
call them as well as their infinitesimal parts [V, U], V' € Vg, trivial.

Formulas (41) and (43) prompt the following construction. It is easily seen that
Oy(VE) C V&, and, therefore, we obtain a complex

oﬁvgzvga_% éa_%..._)vga_ﬂ’)vg“_)... (44)
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By the construction and formulas (41), (43), its 1-cocycles are infinitesimal deforma-
tions, and exact l-cocycles are trivial infinitesimal deformations. From the general
theory of deformations [3], we obtain that obstructions to prolongation of infinitesimal

deformations to formal ones belong to higher cohomology groups of (44).

Remark 9. Deformations of zero-curvature representations (finite-dimensional linear
coverings) of PDE were studied analogously in [12]. In fact, the gauge complex of a
zero-curvature representation introduced in [11, 12] is a partial case of the above con-
struction, since according to Subsection 5.1 any finite-dimensional covering determines
a flat representations.

4.3. Symmetries and cocycles. Let S € D(E) be a symmetry of £. Since S com-
mutes with the fields of the form C(X), X € D(M), the power series e245(U) is a
formal deformation of F, and its infinitesimal part [S, U] € Vi is a 1-cocycle of com-
plex (44). Let us set cg = [U, S]. Note that this cocycle is not generally exact, since
S ¢ Ve.

Theorem 4. Symmetries S with exact cocycles cs form a Lie subalgebra in symE.

Proof. Let S1, Sy be two symmetries such that

[[U7 Sl]] - [[U7 ‘/1]]7 [[U7 82]] - [[U7 ‘/2]]7 ‘/17 ‘/2 € VE- (45)

Using this and properties (10), (11) of the Nijenhuis bracket, we easily obtain
C[Sy,9] = [[U7 [817 82]]] = [[U> [‘/17 ‘/2] + [‘/17 82] + [817 ‘/2“] (46)
Note that [Ve,Ve] C Ve and for each symmetry S one has [S,Ve] C Ve. Therefore,
Vi, Vo] + [Vi, Sa] + [S1, Va] € Ve and the cocycle cg, s, is exact. O

Theorem 5. Suppose that the morphism ¢: & — & corresponding to the flat repre-
sentation F is an embedding such that (&) is a submanifold of &.. Then the cocycle
cs is exact if and only if there is a symmetry S € D(&.) of & such that

p(8) = 5| (47)

e(€)

Remark 10. Recall that £ is a submanifold of some infinite jet space J*((). It is well
known [2] that under rather weak regularity assumptions each symmetry of £ is the
restriction of some symmetry of J*(¢). The above theorem provides a criterion for the
similar property in the situation when & is considered instead of J°°((). In the next
section we give examples of both types of symmetries: with exact and non-exact cg.
Therefore, generally not every symmetry is the restriction of some symmetry of .

Proof. First suppose that (47) holds. By Theorem 2, there is V' € V such that
[U,5T = U, V]. (48)

Since V' belongs to the Cartan distribution and ¢ is a morphism of differential equations,
the vector field V' is tangent to the submanifold ¢(£). Denote by V' € Vg the preimage
;1 (V). Then from (47) and (48) it follows that

cs = [U, V], (49)

i.e., the cocycle cg is exact.
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Conversely, if cg is exact then (49) holds for some V' € Ve. Extend ¢, (V') € D(p(€))
to a vector field V' € V. Then the symmetry S’ of &. with the generating section [U, V]
satisfies (47). M

4.4. A bracket on the equation of flat connections. The identity mapping
idi 5fc — 5fc

is a flat representation, and complex (23) coincides with (44) for this flat representation.
From the results of Section 3 it follows that sym & is isomorphic to V. Therefore, the
commutator of symmetries induces a bracket on V. By formulas (45) and (46), it is
given by
{%7%} - [%7%]+[%>S2]+[817%]7 ‘/17 ‘/2 EV7 (50)

where S; is the symmetry with the generating section [Ur., V;]. Let us compute this
bracket in coordinates.

In adapted coordinates, any element of V is of the form V; = " f'D;, f' €
C*>(&:). Hence, locally, the bracket {V},V,} generates a bracket {f, g} on vector-
functions defined by {V},V,} = Vi 4. Using (50), we compute {f, g}.

Let
Sp=">_ SHiovy
[1|>0

be the symmetry of &, with the generating section [Ug, V}]. Then by direct computa-
tions we obtain that

Spt = Dya(S1), (51)
where D, 4 is the composition of the total derivatives D,s corresponding to the multi-
index A, while

Si? = DSt + Y v, (52)
B=1
where ¢ = $%% and, as we already know (see (26)),
ol =Di(f7) =) v
y=1

Substituting these expressions to (50) and using straightforward computations, we
obtain the following

Proposition 8. The commutator of symmetries determines the following bracket on
the module of smooth m-dimensional vector-functions on &

{f, 9} = Spg® = Sy f* 4+ Vig® = Vo f©. (53)
For any vector-function h = (h',... h™) the coefficients of the wvector field S, =
S92 in special coordinates v can be computed by the formulas
I I I

Syt = Da(SP0), S50 = DSy + 3 vl
B=1

where (¥ = S and ¢° = D;(h?) — 2™ 0P while Vi, = 32T h® Dye.

y=1 "1
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5. EXAMPLES OF FLAT REPRESENTATIONS

5.1. Coverings as flat representations and lifting of symmetries. Consider an
infinitely prolonged differential equation £: £ — M with the Cartan connection

C: D(M) — D(&).

Let m: . — M be a fiber bundle of finite rank and consider its pullback with respect
to &

g —
a*(ﬂl lw (54)

E M
Suppose that the bundle 7 = £*(7): & — £ is endowed with a covering structure given
by a flat connection F: D(M) — D(E’'), 7. o F = C. This structure determines a flat
representation not of the equation & itself, but of some trivial extension of &£.

Namely, consider the distribution CD; = 771 (CD¢) C D(E’). Clearly, the differential
& projects CD; isomorphically onto D(E). Denote by C;: D(E) — D(E’) the arising
connection in the bundle £': & — E. It is easily seen that this connection is flat, and,
moreover, the pair (£/,C;) is isomorphic to an infinitely prolonged equation with E as
the space of independent variables and C; as the Cartan connection.

Remark 11. In coordinates this construction looks as follows. Locally the bundle 7 is
trivial 7: M x W — M. Let x;, wy be coordinates in M and W respectively. Then
the equation (&', Cy) is obtained from (&,C) as follows. We assume that the dependent
variables u/ in £ are functions of not only x;, but also w;, and add the equations

ou? [Owy, = 0.

The bundle 7: E — M and the connection F constitute a flat representation of the
equation (&',Cy).

Consider complex (44) corresponding to this flat representation. By construction, the
module Vg consists of T-vertical vector fields on £ and (44) in this case is the horizontal
de Rham complex of the covering equation (&', F) with coefficients in Ve (see Section
3). For arbitrary coverings this complex was studied in [5] in relation with parametric
families of Backlund transformations.

By construction (54), each &-vertical vector field Y € D(E) is canonically lifted to &’
as a &-vertical vector field denoted by Y € D(&'). Evidently, for each symmetry S of

& the vector field S is a symmetry of the equation (£,Cy).

Theorem 6. Let S be a symmetry of £ and consider complex (44) corresponding to
the flat representation F of (€',C1). The cocycle cg is exact if and only if there is a
symmetry S € D(E') of the covering equation (£',F) such that 7,.(S") = S.

Proof. If cg = [Ur, S] = [Us, V] for some V € Vg then [Ug, S — V] = 0, i.e., the vector
field S’ = S — V is a symmetry of (£, F). Clearly, 7.(5") = S. O

5.2. Flat representations and symmetries of the KdV equation. Let us illus-
trate the above construction by the following classical example of covering.
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Consider the well-known overdetermined system
Ve = A+ u+ 07 (55)
Vp = Uge + 2u” — 22u — 4N + 2u,v + 02 (2u — 4)), A ER, (56)

associated with the Miura transformation of the KdV equation. Its compatibility con-
dition is equivalent to the KdV equation

Up = Upge + 6UU,. (57)
The infinite prolongation £ of (57) has the natural coordinates
Ok
t = — k=20,1,2 ... 58
€T, U, U 0x’f’ s Ly 4y ( )
The total derivatives restricted to £ are written in these coordinates as follows
Dy =0+ Y upp Ouy, (59)
£>0
Dy =0t + Z D (uz + 6uuy) Ouy,. (60)
£>0

Evidently, functions (58) and v form a system of coordinates for the infinite prolongation
& = & x R of system (55), (56). In these coordinates the total derivatives restricted
to & are D, = D, + Ad/dv, D, = D, + Bd/dv, where A, B € C®(£') are the
right-hand sides of (55) and (56) respectively. We have the trivial bundle 7: & — &,
(x,t, u,v) — (x,t,uy), equipped with the covering structure T*(Dm) =D,, n(f)t) = D,.

By the construction of the previous subsection, this covering determines the following
flat representation of the KdV equation.

We assume that u in (57) is a function of x, ¢, v and add the condition du/dv =
0. The infinite prolongation of this trivially extended KdV equation is the manifold
€ x R with coordinates (58) and v. The Cartan distribution CD; on € x R is 3-
dimensional. The total derivatives with respect to z, t are given by (59) and (60),
while the total derivative with respect to v is just dv. Then a flat representations
dependent on parameter A is given by the flat connection

Orv+— D, + Adv € CDy, 0t+— D;+ Bov € CD

in the bundle £ x R — R2
The infinitesimal part of this parametric family is

0A OB )
ad:ﬂ—l—adt—d:ﬂ@)av—@u—l—@\—l—% )dt ® Ov.

This 1-cocycle is not exact, which reflects the well-known fact that the parameter here
is essential.

According to Theorem 6, the cocycle cg corresponding to a symmetry S of (57) is
exact if and only if the symmetry is lifted to a symmetry of system (55), (56). It
is well known which symmetries of (57) can be lifted. Namely, all (z,?)-independent
symmetries (including the symmetries corresponding to the higher KAV equations) are
lifted, while the Galilean symmetry is not. The scaling symmetry can be lifted only in
the case A = 0.
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Remark 12. For an equation £ in two independent variables existence of a nontrivial
covering is an important indication of integrability and leads to Backlund transforma-
tions and the inverse scattering method [10]. For non-overdetermined equations in more
than two independent variables there are no nontrivial finite-dimensional coverings (this
was proved in [11] for linear coverings and in [1] for arbitrary coverings). In this case
the notion of flat representation may serve as a good substitute, see a typical example
in the next subsection.

5.3. Flat representations of the self-dual Yang—Mills equations. Consider four
smooth vector-functions A;: R* — g, i = 1,2, 3,4, where g is a finite-dimensional Lie
algebra. The self-dual Yang—Mills equations are

[81'1 + Al + )\(81’3 + Ag), 81'2 + AQ + )\(81’4 + A4)] = 0, (61)

which must hold for all values of the parameter \ (see, for example, [13]). Here z; are
coordinates in R*. Denote by £ the infinite prolongation of (61) and by C the Cartan
connection in the bundle £: £ — R%.

Fix an action o: g — D(W) of g on a finite-dimensional manifold W. Similarly to
Subsection 5.1, we construct a trivial extention & = € x W of £ as follows. Consider
the flat connection

Ci=Caoid: D(]R4 x W) — D(&)
in the bundle & = € x id: & — R* x W.
Evidently, the pair (£,Cy) is isomorphic to an infinitely prolonged equation with

R*x W as the space of independent variables and C; as the Cartan connection. Consider
the bundle

T RYX W — R? (a,w) — (11,20) ER?,  a = (v1,72,73,24) ER*, weW.
The bundle 7 and the flat connection F in the bundle 7o & given by
f(al'z) = Cl (al'z + O'(AZ) + )\(ang + O-(AZ'+2))), 1= 1, 2, (62)

constitute a A-dependent family of flat representations for the (trivially extended) self-
dual Yang-Mills equations (61).
The 1-cocycle C; (8x3—|—0(A3)) dzt+C, (8I4+0(A4)) dx? corresponding to the family of
flat representations (62) is not exact, which says that the parameter in (62) is essential.
Let H: £ — g be a smooth function, then the formula

Gu(Ai) = Doy (H) — [H, Aj] (63)

defines a higher symmetry of £. Since in the case when H depends on z; only (does
not depend on A; and their derivatives) this is a classical gauge symmetry, it is natural
to call (63) the generalized gauge symmetry corresponding to H.

By the definition in Section 4.3, the 1-cocycle corresponding to the symmetry Gy is

[[U]-"> GH]] = Z [Drz + U(AZ) + )‘(Dri+2 + U(Ai+2))> GH] da’ =

i=1,2

— O'(GH(Al + )\Ag)) dxt — U(GH(AQ + )\A4)) dz* = —[Ur,o(H)] (64)
The last equality in (64) says that this cocycle is exact.
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On the other hand, it can be shown that cocycles corresponding to classical conformal
symmetries of (61) (see, for example, [11]) are not exact.

Remark 13. Some other symmetries of (61) (see [14] and references therein) have been
extensively studied, but they are nonlocal and, therefore, lie out of scope of the present
article.

Remark 14. Various integrable reductions of the self-dual Yang—Mills equations possess
similar to (61) Lax pairs [13] and, therefore, admit flat representations.
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