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Coverings and the fundamental group
for partial differential equations

SERGEI IGONIN

ABSTRACT. Following I. S. Krasilshchik and A. M. Vinogradov [8], we regard PDEs as
infinite-dimensional manifolds with involutive distributions and consider their special
morphisms called differential coverings, which include constructions like Lax pairs and
Bécklund transformations. We show that, similarly to usual coverings in topology,
at least for some PDEs differential coverings are determined by actions of a sort of
fundamental group. This is not a group, but a certain system of Lie algebras, which
generalize Wahlquist-Estabrook algebras. From this we deduce an algebraic necessary
condition for two PDEs to be connected by a Bécklund transformation. We compute
these infinite-dimensional Lie algebras for several KAV type equations and prove non-
existence of Backlund transformations.

As a by-product, for some class of Lie algebras g we prove that any subalgebra of
g of finite codimension contains an ideal of g of finite codimension.
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INTRODUCTION

In this paper we study special correspondences called (differential) coverings between
systems of PDEs. Roughly speaking, a covering & — &, is a differential mapping from
one system & to another system & such that the preimage of each local solution of &
is a family of &; solutions dependent on a finite number m of parameters.

For example, if v(x,t) is a solution of the modified KdV equation

(1) V¢ = Ugge — 61}21}1
then the function
(2) U= v, — v

satisfies the KdV equation u; = ;4. + 6uu,. This is the famous Miura transformation,
which determines a covering from the modified KdV equation to the KdV equation. For
a given local solution u(z,t) of the KdV equation, a one-parameter family of functions
v(x,t) is recovered from equations (2) and (1). That is, we have m = 1 for this covering.
In general, systems & and & may be overdetermined, but must be consistent.

More precisely, following [1, 8, 9], we regard &, & as submanifolds in infinite jet
spaces. The (usually infinite-dimensional) submanifold of infinite jets satisfying a sys-
tem of PDEs is called the infinite prolongation of the system and possesses a canonical
involutive distribution called the Cartan distribution. This distribution is spanned by
the total derivative operators (regarded as commuting vector fields on the infinite jet
space) with respect to the independent variables. A (differential) covering 7: & — &
is a bundle of finite rank! m such that the differential 7, maps the Cartan tangent
subspaces of &; isomorphically onto the ones of £&. Note that even local classification of
coverings is highly nontrivial due to different possible configurations of the distributions.

It was shown in [8] that all kinds of Lax pairs, zero-curvature representations, Wahlquist-
Estabrook prolongation structures, and Backlund transformations in soliton theory are
special types of coverings. In particular, a Backlund transformation between two sys-
tems & and &, is given by another system &3 and a pair of coverings & «— & — &,.

The name ‘coverings’ for such bundles is used because they include usual topological
coverings of finite-dimensional manifolds, see Example 3 below.

1One can consider also coverings of infinite rank [1, 8], but we study only the case of finite rank
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Recall that for a finite-dimensional manifold M its topological coverings are in one-
to-one correspondence with actions of the fundamental group 71 (M) on (discrete) sets.
The main result of this paper is that at least for some PDEs & differential coverings
are also determined by actions of a sort of fundamental group. However, this is not a
group, but a certain system of Lie algebras that we call the fundamental algebras of .
They are arranged in a sequence of epimorphisms

(3) R e Rt e )

Differential coverings of rank m are determined by actions of these Lie algebras on
m-dimensional manifolds W, that is, homomorphisms from f; to the algebra D(WV)
of vector fields on W. Two coverings are isomorphic if and only if the corresponding
actions are isomorphic.

More precisely, the following facts hold:

e for each action p: fy — D(W) we introduce an involutive distribution on the
manifold £ x W such that the trivial bundle & x W — &£ becomes a covering
denoted 7(p) (here £ is endowed with the fixed Cartan distribution),

e for any covering 7: € — & we define an action p(7): f, — D(E) for some k such
that 7.p(7) =0,

e for an action py: fr — D(W) and the covering 7 = 7(pg), the action p(7) is
equal to the composition of the natural embedding D(W) C D(€ x W) with the
action py,

e a morphism of coverings 71 and 7 of £ induces a morphism of the actions p(7)
and p(72),

e a covering & — & on a neighborhood of each point of & is isomorphic to the
covering 7(p) for some action p of f; and some k.

The algebra fy is equal to the Wahlquist-Estabrook prolongation algebra of £ [3, 20,
22]. To obtain algebras f; for k& > 1, we replace the Wahlquist-Estabrook ansatz by
jets of arbitrary order and find a canonical form of coverings with respect to the local
gauge equivalence.

Note that some similarity between Wahlquist-Estabrook algebras and the topological
fundamental group was noticed in [9]. However, before the present paper this idea was
not developed and did not lead to any applications.

We prove that all finite-dimensional quotients of the fundamental algebras are coordinate-
independent invariants of the system of PDEs. Namely, recall that quotients of the topo-
logical fundamental group 7 (M) occur as automorphism groups of regular topological
coverings of M. Similarly, finite-dimensional quotients of the fundamental algebras
occur as Lie algebras of infinitesimal automorphisms of certain coverings of £.

We conjecture that the fundamental algebras themselves are also coordinate-independent
invariants and hope to prove this elsewhere using the homological techniques of [5, 12,
21].

We formulate some conditions for a system of PDEs to possess fundamental algebras.
We check these conditions and compute algebras (3) for three PDEs: the KdV equation,
the nonsingular Krichever-Novikov equation, and the linear equation

(4) Up = Upgs-
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In all three cases each f; is obtained from a single Lie algebra K applying several times
the operation of one-dimensional central extension.

For the KdV equation we have 8 = sl,(C) ®@¢ C[A].

For the nonsingular Krichever-Novikov equation the algebra K is isomorphic to a
certain subalgebra of the tensor product of sly(C) with the algebra of regular functions
on an affine elliptic curve. Note that in this case fo = 0, that is, the Wahlquist-Estabrook
ansatz gives no nontrivial coverings.

For equation (4) the algebra K possesses a filtration by solvable ideals

RBCRHC---CRC---CR

such that the quotient &/ U2, Ry is solvable as well.

The described methods to compute fundamental algebras can be applied to other
evolution equations as well.

In order to develop this theory, we obtain the following results on Lie algebras,
which may be of independent interest. A Lie algebra g is said to be quasi-finite if any
subalgebra of g of finite codimension contains an ideal of g of finite codimension. We
prove that

e a central extension of a quasi-finite algebra is quasi-finite,

e for a finite-dimensional semisimple Lie algebra g and a commutative associative
algebra A the tensor product g ® A regarded as a Lie algebra is quasi-finite,

e the algebra R of the nonsingular Krichever-Novikov equation is quasi-finite.

Recall that for a connected topological covering M — M one has 7 (M) C m(M).
It turns out that some analog of this property is also valid for differential coverings, see
Theorems 12 and 13.

We obtain also a necessary condition for two systems of PDEs possessing fundamental
algebras to be connected by a Backlund transformation: their fundamental algebras
have to be similar in a certain sense, see Theorem 14. As an example of using this
necessary condition, we prove that equation (4) is not connected by any Bécklund
transformation neither with the KdV equation nor with the nonsingular Krichever-
Novikov equation. Note that this is apparently the first rigorous non-existence result
for Béacklund transformations.

In this paper we consider only complex-analytic PDEs. Generalization of this theory
to smooth PDEs is possible, but is a little more technical, since the analogs of Propo-
sition 3 and Theorem 7 for smooth manifolds do not hold. However, practically all
results will remain valid in the smooth case if one excludes from considered manifolds
a thin subset of degenerate points. Detailed exposition for smooth PDEs will be done
elsewhere.

1. BAsICS

In this section we review some notions of PDE geometry, actions of Lie algebras on
manifolds and prove auxiliary lemmas needed for further theory.

In Subsections 1.2-1.6 we mainly follow [1, 8, 10]. However, there are certain modifica-
tions because of the fact that we deal with complex-analytic manifolds, while in [1, &, 10]
only smooth manifolds are considered. In particular, we have to use sheaves instead of
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globally defined functions. Besides, the notions of subequations and irreducible equa-
tions are new.

Most of the notions of Subsection 1.7 are studied in more detail in [1].

In order to be more readable, all concepts of PDE geometry are introduced in two
ways: invariant and coordinate.

1.1. Some terminology. In this paper all manifolds, functions, vector fields, and
mappings are supposed to be complex-analytic.

For a manifold M we denote by D(M) the Lie algebra of vector fields on M. For a
function f on M and a point a € M, the differential of f at a is denoted by d, f.

The differential of a mapping ¢: M; — My of manifolds is denoted by ¢..

Z is the set of nonnegative integers.

For subspaces V3, ...,V of a linear space, the space (Vi, ..., V}) is the linear span of
Vi,oo o Vi

In this paper a surjective submersion is called a bundle. To emphasize its properties
that in Section 1.2 will be extended to infinite-dimensional manifolds, we give the
following definition.

Definition 1. A mapping ¢: M; — M of manifolds is called a bundle if
e the mapping ¢ is surjective,
e for any point a € M, there is a neighborhood a € U C M; and a manifold W
such that ¢(U) is open in M; and one has the commutative diagram

UgfmpU)XW

\/

where £ is a complex-analytic dlffeomorphlsm and p is the projection to the first
factor.

In this case the preimages ¢~ !(b) of points b € M, are submanifolds in M,
and are called the fibres of . They are not necessarily isomorphic to each other,
but have the same dimension called the rank of .

For a bundle ¢: M; — M, a vector field V' € D(M;) is said to be p-vertical if
e (V) =0.

In what follows we say that a certain property holds locally if it holds on a neighbor-
hood of each point of the manifold under consideration.

1.2. Infinite-dimensional manifolds. We want to extend the category of finite-di-
mensional manifolds in order to include certain type of infinite-dimensional manifolds
that occur in PDE geometry.

Definition 2. Define a category INF as follows.
e First, an elementary object of INF is an infinite chain of bundles

Pi+2,i4+1 i Pi41,i i Pii—1 $1,0
(5) Mt M’ o M,

where M® are finite-dimensional manifolds.
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Two elementary objects
{Mli79011+1,z‘}7 {MQia(pz2+1,i}
such that
dp,q € Z Mlerq = Méa 90}+q+1,i+q = ‘Pz?Jrl,i Vizp

are regarded to be identical.
Denote by M elementary object (5). A point of M is a sequence

(ag,ar,...,a;...), a; € M, Yir1i(ai1) =a; Vi>0.

Let us introduce a topology on the set |[M] of points of M. Let U be an open
subset of some MP. Denote by U;, i > p, the preimage of U in MP™ under
bundles (5). The subset of points (6) such that a; € U; for all i > p is called the
elementary open subset of | M| corresponding to U and is denoted by S(U). By
definition, elementary open subsets form a base of the topology on |M|.

Let us define the structure sheaf of functions on |[M|. Each (complex-analytic)
function f: U — C determines the following function on S(U)

(ao,al,...,ai,...) — f(ap).

Such functions on S(U) are said to be elementary. Now let Z be an open subset
of IM|. A function g: Z — C belongs to the structure sheaf if and only if for each
point @ € Z there is an elementary open subset S(U) such that a € S(U) C Z
and the restriction of g to S(U) is an elementary function.

If

My = {MliaSOle,i}a M,y = {MQZa ‘P?ﬂ,i}

are two elementary objects of INF then a morphism ¢: My — M, is given by
a, k € 7Z and a system of maps

U MY — M i >k,
satisfying

. 2 _ 1
Vi>k ©it1,i © Yir1 = i © Vit aititar

Now an object of INF is a topological space with a sheaf of complex-valued
functions that is locally isomorphic to an elementary object of INF. A mapping
of objects of INF is a morphism if locally it is a morphism of elementary objects.

Remark 1. Although this definition is rather sketchy, it is sufficient for us, because all
objects of INF considered in this paper are open subobjects of elementary objects.

Example 1. With each finite-dimensional manifold M we associate the following ele-
mentary object of INF

- M —-M —---— M,

where all arrows are the identity mappings. This construction identifies the category
of finite-dimensional manifolds with a subcategory of INF.
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Let M be an object of INF. The sheaf of vector fields on M is defined in the
standard way as the sheaf of derivations of the structure sheaf. It is a sheaf of modules
over the structure sheaf of algebras.

In particular, if M is elementary object (5) then a tangent vector at a point (6) of
M is a sequence

(Uo,Ul,...,Ui,...), Vi ETaiMi, (QOZ'JFLZ')*(UZ'JA) = VU; VZ 2 0

The vector space of all tangent vectors at a point a is denoted by T, M.

A distribution on M is a locally free subsheaf of submodules of the vector fields
sheaf. In other words, a distribution D of rank k distinguishes for each point a of M a
subspace

D, cT,M, dimD, =k,
such that locally there are vector fields Xy, ..., X that span the subspaces D,.
For a finite-dimensional manifold W and an object M of INF, one defines the object
M x W of INF as follows. It is sufficient to consider the case when M is elementary
object (5). Then M x W is the elementary object

wit1,ixid
—

— MTtx W MxW — - — M x W.

Now one easily extends Definition 1 of bundles to the case when M, M, are objects of
INF. However, we always assume the fibres W to be finite-dimensional manifolds.

In what follows, when we speak of functions on an object of INF, we always assume
that the functions belong to the structure sheaf.

For the sake of simplicity, below objects of INF are also called manifolds, and mor-
phisms of INF' are called mappings.

1.3. PDEs as manifolds with distributions. Let 7: E — M be a bundle of finite-
dimensional manifolds and

e E, w)=uz¢clM.
Consider a local section f of 7 whose graph passes through the point §. Denote by [f]*

the class of all local sections whose graphs are tangent to the graph of f at 6 with order
> k. The set

JE(m)y = {[f]%| f is a local section of 7, x € M }
carries a natural structure of a manifold and is called the manifold of k-jets of the

bundle m. Moreover, the natural projections

me ST = M, [f]y e

M1 J5(m) = SN ), (fls =
are bundles. The infinite sequence of bundles

T k—1 1,0

@ e () L ) o () T () = B

determines an object of INF that is called the manifold of infinite jets of m and is
denoted by J*> ().
For each local section f of m we have the local sections

() M — JHm), @ (S5
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of the bundles 7, K =0,1,.... These sections determine the local section
Joo(f): M — J*=(m)

of the natural projection m: J*(m) — M.
There is a unique distribution C on J*°(7) such that for any point x € M and any
local section f of m over a neighborhood of x we have

(8) Ciretta) = Joo )+ (TeM).
This distribution is of rank dim M and is called the Cartan distribution of J*(x).
Consider a system of PDEs of order k£ imposed on sections of the bundle 7. We
assume that it determines a submanifold £° C J*(7) of the manifold J*(7) such that
the mapping Wk‘ g0 EY — M is a bundle. Then a local section f of 7 is a solution of
the system of PDEs if and only if the graph of j;(f) is contained in £°.
For each [ € Z, the I-th prolongation of £° is the set

E' = {[f)F € J*(x) | the graph of ji(f) is tangent to £°
with order > [ at [f]" € £°},

[ =0,1,.... Restricting the maps 7 .;_1 to & and preserving the same notation for
these restrictions, we obtain the sequence of maps

(9) ey S I el g0

Imposing natural conditions of regularity, we assume that all £ are submanifolds of
JF(7), while mappings (9) are bundles. The obtained object £ of INF is called the
infinite prolongation of the initial system of PDEs.

In what follows all considered systems of PDEs are supposed to satisfy these regularity
assumptions and, therefore, possess infinite prolongations. Below such object £ of INF
is sometimes simply called an equation.

The distribution C is tangent to £. Its restriction to &£ is denoted by Ce and is
called the Cartan distribution of €. Tt satisfies [Ce,Ce] C Ce. Since & is infinite-
dimensional, this does not generally imply existence and uniqueness of maximal integral
submanifolds.

Definition 3. Let £ be an object of INF and D be a distribution on it. A subset
&' C & is called a subequation of the pair (£, D) if £ is a submanifold of codimension
[ < oo and D is tangent to £'. More precisely, this means the following. We have
E" # (), and for each point a € &£ there are a neighborhood a € U C £ and functions
fi,--., fion U such that
o &'NU={qeU|file) == fila) =0},
e for any b € U the differentials d fi,...,dpf; € T;E are linearly independent,
e the ideal of functions on U generated by fi,..., f; is preserved by the action of
vector fields from D.
In this case £ is also an object of INF with the distribution D
called the codimension of the subequation &£’
A pair (€,D) is said to be irreducible if £ is connected as a topological space and
there is no subequation & C & of finite nonzero codimension.

e The number [ is




COVERINGS AND THE FUNDAMENTAL GROUP FOR PDE 9

Let £ be the infinite prolongation of a system of PDEs. Then subequations of £
are subequations of the pair (£,C¢), and & is called irreducible if the pair (€,Cs) is
irreducible.

Remark 2. The term ‘subequation’ is motivated by the fact that a pair (£,C¢), as we
agreed above, is sometimes called an equation.

1.4. Coordinate description. Consider a bundle 7: £ — M. Let x4, ..., x, be local
coordinates in M and u!,...,u? be local coordinates in fibres of 7. For a symmetric
multi-index o = 47 ...17; set
, OFu’
10 ==
( ) 7 8$i1 Ce (%Uzk
These functions along with x4, ..., x, form a system of local coordinates for the infinite-

dimensional space J*(7). The topology on J*°(m) is the following. Choose a finite
number u/! ..., ul of coordinates (10) and consider the mapping

JX(m) = C", ae (z1(a),. .., za(a), ull (a), ... ,ul (a)).

The preimages of open subsets of C"*" r € Z,, under such mappings are by defini-
tion open subsets of J°(7) and form a base of the topology on J°°(w). Admissible
functions on open subsets of J*(7) may depend on z1,...,x, and a finite number of
coordinates (10). Below all functions are supposed to be admissible.

The total derivative operators

0 -0
11 D, = — I i=1,...,n,
( ) i axi—i_;umau(]’ v n

are commuting vector fields on J*°(7) and span the Cartan distribution.
Consider a system of PDEs

(12) Fo(zpubul,...) =0, a=1,...,s,

in the bundle 7. The basic idea of the described approach is to treat (12) not as
differential equations in «*, but as analytic equations in variables (10) and x;.
The differential consequences of (12) are

(13) Dy oo Dy, (Fo) =0, dp=1,....n, a=1,...;5, r=0,1,....

The infinite prolongation £ C J*(m) of system (12) is distinguished by equations (13).
The vector fields D,, are tangent to £, and their restrictions to £ will be denoted by
the same symbol D, . They span the Cartan distribution C¢ of €.

Example 2. Consider a scalar evolution equation in two independent variables z, ¢
B O
T Ok
Its infinite prolongation has the natural coordinates x, ¢, ug, k > 0, since using differ-

ential consequences of (14) all t-derivatives are expressed in terms of these. The total
derivative operators are written in these coordinates as follows

(14) up = F(z,t,u,ug, gy ..o up), U U = .

9 0 0 9
D, =2 w2 D=2y pir) L.
’ ax+;ouf“auj’ b=t D)

Jj=0
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1.5. Differential coverings.

Definition 4. Let £ be an object of INF endowed with a distribution D such that
[D,D] C D. A (differential) covering of (or over) the pair (£, D) is given by a bundle
of finite rank

(15) 7:&—E
and a distribution D7 on € such that
e [D", D] C DT, )
e for each a € & the differential 7, maps the space (DT)GC T,E isomorphically
onto the space Dy, C Tr)€.

An invertible mapping ¢: £ — € such that 7o = 7 is called a gauge transformation.
The covering given by the same bundle 7 and the new distribution ¢, (D7) on & is said
to be (gauge) equivalent to the initial covering.

Similarly, a morphism between two coverings 7;: & — &, @ = 1,2, over the same pair
(€,D) is a mapping ¢: & — & such that 7 = 7 0 p and ¢, (D™) C D™.

A 7-vertical vector field X € D(€) is called a (gauge) symmetry of 7 if [X,D7] C D".
This means that the local flow of X (if it exists) consists of automorphisms of 7. The
Lie algebra of symmetries is denoted by Sym 7.

Covering (15) is said to be irreducible if both pairs (£, D) and (£, D7) are irreducible.

Example 3. Let us show that usual topological coverings are a particular case of
this construction. Let M be a finite-dimensional manifold and D be the whole tangent
bundle of M. Coverings of rank 0 over (M, D) are just topological coverings 7: M — M,
where dim M = dim M and D" is the whole tangent bundle of M.

If the distribution on &£ is clearly fixed, we speak of coverings over £ (without men-
tioning the distribution).

Let now & be the infinite prolongation of a system of PDEs (12). In this case we fix
D to be the Cartan distribution Cg.

Let us describe a covering (15) in local coordinates. Recall that locally Cg is spanned
by D,,. Therefore, locally there is a unique n-tuple of vector fields

(16) D, €D, i=1,....n,

on the manifold € such that

(17) 7.(Ds,) = Da,,

(18) [D.,, D,,] =0, Yij=1,...,n.

Moreover, vector fields (16) span the distribution D".
If X € Sym 7 then we have

(19) X,D,]=0, i=1,...,n.

Below in this section we consider equations in two independent variables x and ¢, i.e.,
n = 2. Locally the bundle 7 is trivial

(20) T:EXW =&, dimW =m < 0.

Let w!,...,w™ be local coordinates in W.
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From (17) we have

(21) D,=D,+A, D,=D,+B,
where
(22) Z Cowi’ Z Ow?
J=1 J=1

are T-vertical vector fields on £ x W. Condition (18) is written as
(23) D.,B— DA+ [A B] =0,
where

p Owl’ p Ow?

A covering equivalent to the one given by A = B = 0 is called trivial.
The manifold £ x W is itself isomorphic to the infinite prolongation of the system
that consists of equations (12) and the following additional equations

ow’

— =d(z,t,wk ul, ),
(24) Oz j=1,....m.
ow’ b]( t k i )
— =V (x,t, 0" u, ...
at 2 ) o) Y

This overdetermined system is consistent modulo (12) if and only if (23) holds on £.

The vector fields D, + A, D; + B are the restrictions of the total derivative operators

to & x W. That is, the distribution D7 is the Cartan distribution of this system.
Gauge transformations correspond to invertible changes of variables

(25) s x, tet vl s ul, w e gt ul ), =1, m,

in (24). A covering is trivial if and only if it is obtained by such change of variables
from the trivial system

owl  Ow’
—=—=0, j=1,...,m.
ox ot J
Therefore, classification of coverings over £ up to local isomorphism is equivalent to

classification of consistent modulo (12) systems (24) up to locally invertible changes of
variables (25).

Example 4. Consider a covering of rank 1

ow ow
26 — =alx,t,w,u, Uy, ..., u — =b(x, t,w,u,ug,...,u
() or (777717 7k)7 ot (777717 7k)
over the infinite prolongation of equation (14). After a gauge transformation
0
w'_)f(x7taw7u7ula"'7ur)a f#())

dw
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system (26) changes to the following system

ow 1

% — ﬁ(a(x’t’f’u,ul,...,Uk)_D:Ef)7
ow

ow 1

E = —f(b(l',t,fauauh"')uk)_th>’
dw

B
f=flz t,w,uug, ... u,),
which represents an equivalent to (26) covering.

Recall that in the case of two independent variables xz,t a conserved current of £ is
a pair of functions (f, g) on & satisfying

(27) D,f = D,g.

Two conserved currents (f1, g1) and (fa, go) are called equivalent if there is a function h
such that

(28) fo=fi=Dg(h), 92— g1 = Dy(h).
For a conserved current (27) the pair of vector fields

. 0 A

A:f(:f,t,uf,,...)a—w, B:g(x,t,uf,,...)a—w

satisfies (23) and determines a covering of rank 1.
Equivalent conserved currents (28) determine equivalent coverings. Indeed, the cor-
responding gauge transformation is w +— w + h.

1.6. Coverings as transformations of PDEs. Consider two systems of PDEs

1 dy ap+quj
(29) Fa<x,t,u,...,u ’W’”):O’ a=1,...,8,
oPtaqyd
1 do _ _
(30) Ga<x,t,v,...,v ’78#815‘1’“')70’ a=1,...,89,
and a mapping
: . optray!
I — p 1 do -
(31) w = (x,t,v e,V ’E)xpE)tq"”)’ j=1,...,d,
such that the following conditions hold.
(1) For each local solution v*(z,t),...,v%(x,t) of system (30) functions (31) con-

stitute a local solution of (29).
(2) For each local solution u!(z,t),...,u? (x,t) of (29) the system that consists of
equations (30) and (31) is consistent and possesses locally a general solution

1 d
vzt er, )y, 02 (T Oy )
dependent on a finite number of complex parameters cq, ..., ¢p,.

Example 5. Miura transformation (2) satisfies these conditions with m = 1.
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Consider the following trivial bundles
7w ChT2 - C?, (a,t,ut, . u™) e (2,
7. C2T2 5 C? (o, t,0t, . 0R) = (),

and their infinite jet spaces J>(m) and J*(7).
Denote by D,, D; and D,, D; the total derivative operators on J>°(7) and J>°(7)
respectively. One has

+4,,] +
Girgis = DEDI, e = DLDI)
Formulas (31) suggest to consider the mapping
(32) T J®(7) — J¥(m)
defined as follows
33) @) == T =t TW)=¢), 7 (ap+q“j)— PP D (7).
’ ' ’ OP Ot vt

Then we obtain
(34) 7.(D,) = D,, 7.(D;)=D,.

Let £ C J™(w) and € C J®(7) be the infinite prolongations of systems (29) and (30)
respectively. Conditions 1 and 2 above need rigorous analytical explanation, which
we do not consider. Instead, following [, 8], we say that Conditions 1 and 2 are by

definition equivalent to the fact that 7(£) = £ and the mapping
(35) 7| iz E—E

is a bundle of rank m. Then from (34) we obtain that (35) is a covering.
According to construction (24), every covering of a system of PDEs is locally isomor-
phic to a covering of this form.

1.7. Actions of Lie algebras on manifolds. Let g be a Lie algebra over C. Recall
that an action of the Lie algebra g on a complex manifold W is a homomorphism
g — D(W). For a € W let ev,: D(W) — T,W be the evaluation mapping. For
an action p: g — D(W) the subalgebra {v € g|ev,p(v) = 0} is called the isotropy
subalgebra of the point a.

An action p is said to be transitive if the mapping ev,p: g — T,W is surjective for
each a € W. An action p is called free if kerev,p = 0 for any a € W.

A bundle W — W' is called the quotient map with respect to an action p: g — D(W)
if all vector fields from p(g) are tangent to the fibres and the induced action on each
fibre is transitive.

A morphism from one action p;: g — D(W7) to another action ps: g — D(W5) is a
mapping ¢ : W7 — Wy such that

(36) Vae W, Voeg ti(evepi(v))= evy(ap2(v).

The following statement is obvious.

Lemma 1. Let ¢: Wy — Wy be a morphism of transitive actions p;: g — D(W;),
i =1,2. Then 1p(Wy) is open in Ws.
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Let G be a connected complex Lie group associated with a finite-dimensional Lie
algebra g. For g € GG set
Ly: G — G, aw ga, R,: G — G, aw ag.
A vector field X € D(G) is said to be right invariant if
(37) Vge G (Ry) (X)=X,
and X is said to be left invariant if
(38) Vge G (L,),(X)=X.

Denote by Dy, Dy C D(G) the subalgebras of left invariant and right invariant vector
fields respectively. It is well known that

(39) Dh = Dri = g.

and the actions of the algebras Dy;, D,; on G are free and transitive.

By isomorphisms (39), we have the free transitive action o: g — D(G) of g on G by
right invariant vector fields. Let H C G be a connected Lie subgroup and h C g be
the corresponding Lie subalgebra. Consider the quotient space G/H with the canonical
projection p: G — G/H.

Due to equation (37), all right invariant vector fields are mapped by p, to well-defined
vector fields on G/H. Consider the arising transitive action

oy =p.o0:g— D(G/H)
of g on G/H. The following lemma is easy to prove.

Lemma 2. Let U be a connected open subset of G/H. Let X € D(U) commute with
all vector fields from oy(g). Then there is V' € Dy such that X = p, (V).

And wvice versa, if V. € Dy is projectable to G/H then p.(V) commutes with all
vector fields from oy(g). An element V € Dy = g is projectable to G/H if and only if

[V.b] C b.

In particular, if U is a connected open subset of G then the algebra
{Ve DU)|V,o(g)] = 0}
coincides with Dy = g.

Lemma 3. Let W be a connected finite-dimensional manifold. Suppose that an action
p: g — D(W) is free and transitive. Then the Lie algebra

{V.e DW) [V, p(a)] = 0}
is isomorphic to g and acts on W freely and transitively as well.

Proof. Tt is well known that in this case the action p is locally isomorphic to the action
o: g — D(G). By Lemma 2, we obtain that for any a € W there is a neighborhood
a € U C W such that

{VeDU)I[V,pg) =0} =g,
VoeU VveT,W AV eDU): ev,V =v, [V,p(g)] =0.

Since W is connected, this implies the statement of the lemma. ([l
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Lemma 4. Let g be a (possibly infinite-dimensional) Lie algebra, Wy and W be con-
nected finite-dimensional manifolds, and »: Wy, — Wy be a morphism of transitive
actions p;: ¢ — D(W;), i = 1,2. Suppose that ¢ is a bundle with connected fibres and
the algebra

s ={V e DW)|¢.(V) =0, [V, p1(g)] = 0}

acts freely and transitively on each fibre of 1. Let ) C g be the isotropy subalgebra of a
point a € Wy with respect to the action py. Then all vector fields from pi(h) are tangent
to the fibre F = ¢~'(a) C Wy and the image of the algebra p,(h) in D(F') is isomorphic
to s.

Proof. The fact that all vector fields from p;(h) are tangent to F' is obvious. Denote by
f the image of p;(h) in D(F'). The algebra {V € D(F)|[V,s] = 0} includes { and is, by
Lemma 3, isomorphic to s. Since dim§ > dim F' = dim s, we obtain

f={VeDF)[[V.s] =0} =s.
0

1.8. Zero-curvature representations. Let g be a Lie algebra over C. Let & be
an open subset of the infinite prolongation of a system of PDEs in two independent
variables x, t such that D,, D, are well defined on £.

A pair of functions

(40) M,N:&—g
is called a g-valued zero-curvature representation (ZCR in short) if
(41) D,(N) = Dy(M) + [M, N] = 0.

We suppose that all coefficients of the vector-valued functions (40) are admissible (i.e.,
belong to the structure sheaf).

Then each action p: g — D(W) induces the covering structure in the bundle 7: £ x
W — & given by

D, =D, +p(M), D;=D,+p(N).

Equation (23) for A = p(M) and B = p(N) follows from (41).
For a morphism of actions ¢: W; — W5 the mapping
idX@ZJZSXWl_)SXWQ

is a morphism of the corresponding coverings.

Example 6. Let g be a finite-dimensional Lie algebra. Clearly, a g-valued ZCR de-
pendent polynomially on a parameter A can be treated as a ZCR with values in the
infi