The Diffiety Institute Preprint Series

Preprint DIPS 5/2003 October 1, 2003

Green formula and Legendre
transformation

by

R. J. Alonso-Blanco and A. M. Vinogradov

Available via INTERNET:
http://diffiety.ac.ru; http://diffiety.org

The Diffiety Institute
Polevaya 6-45, Pereslavl-Zalessky, 152140 Russia.



Green formula and Legendre transformation
R. J. ALONSO-BLANCO AND A. M. VINOGRADOV

ABSTRACT. It is shown that the Legendre transformation and related hamiltonian
formalism are a geometrical interpretation of the Green formula in the calculus of
variations. The particular case of higher order mechanics is considered in details.

1. INTRODUCTION

It may seem paradoxal that the famous Legendre transformation appeared in nu-
merous contexts in mathematics and theoretical physics for about 200 years is not
well-understood conceptually yet. In particular, its conceptual definition is still to be
found. Some long standing problems in calculus of variations and related areas of its
applications are due exactly to this fact. For instance, the natural problem on what
should be the Hamiltonian formalism for arbitrary order and multiplicity Lagrangians
(see, e.g., [0, 18, 22, 24]) is firmly resisting a solution. Even in the most studied situa-
tions, namely, in mechanics (arbitrary order ordinary integrals) and classical field theory
(first order multiple integrals) singular Lagrangians are not still understood completely
in that sense (see [7, 28, 8, 12, 15, 16, 27]).

It is worth noticing that in textbooks dedicated to calculus of variations the Legendre
transformation is defined (better to say, described) just by an explicit expression in
terms of a local chart (e.g., [10, 11]) and only for two simplest classes of Lagrangians
mentioned above. Moreover, its invariance, i.e. independence of the local chart, is
not usually even mentioned. This reflects well the current mentality in the area where
analytical aspects prevail traditionally all others.

A necessity to understand better the nature of the Legendre transformation arose at
sixties in connection with some problems in field theory. Since then two essential steps
were done in that direction. First, a manifestly invariant geometrical description of the
Legendre transformation was found (see, for instance [0, 23, 13, 9, 14]) and the relative
Hamiltonian field, also called K- or time evolution operator, associated with a given
Lagrangian was discovered. It is worth noticing that this very important associate of
the Legendre transformation was brought for the first time to the light rather recently,
at 1982, in [17]. Its structure and relevance were clarified even later ([2, 4, 26, 5, 27]).

But ‘invariant’ does not mean ‘conceptual’. So, in spite of the aforementioned
progress the question “what is the Legendre transformation” is still open. In this paper
we show that the answer “a suitable geometrical interpretation of the cohomological
Green formula” is very plausible. Namely, we demonstrate that it is so for ordinary of
arbitrary order Lagrangians. The peculiarity of this case is that for it the required geo-
metrical interpretation can be attained on the level of finite order jets. On the contrary,
in the general case a recourse to Secondary Calculus (see [32, 33]) and, as consequence,
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to infinite jets seems to be as inevitable as natural. These topics will be discussed in a
separate paper.

The paper is organized as follows. Section 2 contains the necessary background on
infinite jets: the Cartan distribution, secondary vector fields, C-differential operators
and horizontal cohomology. The main facts on the cohomological Green formula are
summarized in Section 3 by starting from the linear case. Next, this formula is applied
to the calculus of variations. The Legendre transformation is discussed in Section 4 as
a geometric aspect of the Green formula. Then, the case of higher order mechanics is
detailed. Finally, Section 5 contains, also in this particular situation, the derivation of
the Hamilton canonical equations from this point of view.

2. PRELIMINARIES ON JET SPACES

In this section we collect the necessary facts concerning jet spaces and differential
calculus on them and fix the notation. See [20, 21, 33] for further details.

Let Y = Y™ be an (n + m)-dimensional smooth manifold. Fix integers m,n > 0.
A k-th order jet (of n-dimensional submanifolds of Y') is an equivalence class of n-
dimensional submanifolds of Y which are tangent one another with the k-th order at a
point of Y. Here k = oo is also admitted. The k-jet of an n-dimensional submanifold
L CY at a point a € L is denoted by [L]];

The set J* = J*(Y,n) of all k-jets of n-dimensional submanifolds of Y carries natu-
rally a structure of a smooth manifold which is called k-th jet manifold (of n-dimensional
submanifolds of Y').

If L Y, dimL = n, then the map

k(L) : L — J*(Y,n) with ji(L)(a) = [L]}
is the k-jet prolongation of the imbedding L € Y.
Natural projections J* — J', [L]¥ — [L]", k > [ form the chain of maps

(2.1) Ve 0 S g g

showing J> to be its inverse limit.
A local chart (yi, ..., Ym+n)inY one part of which, say, (y,,, ..., yr,) is interpreted as

independent variables x1 = Yy, ..., T, = Yy, while the resting part u* = y,,,...,u™ =
Ys,, as dependent variables is called divided. Such a divided chart induces a local chart
on J* formed by functions z;, j = 1,...,n, and v, i = 1,...,m, |o| < k, where
o = (01,...,0,) is a multi-index and |o| = oy + -+ + 0,. Functions u’’s on J* are
defined uniquely by the property:

A 07,

ur o Jrp(L) = ,

o © Ji(L) oz,
for any n-dimensional submanifold L € Y represented locally in the form L = {u’ =
fi(z1,...,x,), i =1,...,m}. Note that for k = co there is no limitations on o.

The sequence of inclusions of smooth functions algebras is associated with sequence
(2.1):

(2.2) C=(J°) = C®(JY) — ... = O®(JF) — ...
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The direct limit of (2.2) is called the smooth functions algebra on J*. We denote it by
F = F(J*) though C'*(J*) would be more expressive. Denote also by Fj, = Fp(J>)
the image of C°°(J*) in F. This way one gets a filtration of F :

(2.3) FoCFHC---CFyC---CF.
In terms of coordinates a smooth function f on J* is a function depending on a finite
number of coordinates (z,u,...,u’,...).

The same procedure is applied to describe any kind of “covariant” objects on J™.
For instance, a differential form on J* may be viewed as a differential form on one
of jet spaces J*’s, k < oo, lifted to J*°. Dually, a “controvariant” object on J* may
be understood as the inverse limit of the same kind of objects defined on finite jets
along chain of maps 2.1. For instance, a tangent vector £ to J* at a point § € J™
may be viewed as a sequence & € Ty, J*, k = 0,1,..., such that 0, = 7. x(f) and
d@kﬂ'k,l(ek) = 91.

Assume now that Y is fibered 7 : Y — M, dim M = n. Then one gets the k-th jet
space J¥(m), k =0,1,..., 00, of 7 by specifying the above construction to submanifolds
of the form L = s(M), s : M — Y being a (local) section of 7 . An adopted to
local chart on Y respecting the fibre structure is composed of a local chart {z;} on M
completed by some “fibre coordinates” {u’}. Note that J*(7) is an open everywhere
dense domain in J*(Y,n).

A basic for the theory of PDE’s geometrical structure on J* is the Cartan distribu-

tion, or infinite order contact structure, 0 AN Cy, 0 € J>°, where
Cop=Tp(L®) if 0 =[L]>

and L) stands for the image of j. (L). Obviously, dim Cy = n.

The Cartan distribution is generated locally by total derivatives Dy = 0/0x +
D i Usiy,0/0ul, 1 < k < n (interpreted as vector fields on J*). So, it is Frobe-
nius, or involutive one. It also may be viewed as the annihilator of the system of
Cartan forms ) = dul, — Y, ul,, dry,ie., a vector & € Ty(T>) belongs to Cy iff on
&Jwt =0 for all i, 0.

A submanifold N C J* is called integral (with respect to C), if TyN = Cj for any
0 € N. Locally any integral submanifold is of the form L(> (the image of j.(L),L C
Y'). Therefore, the set of integral submanifolds is identified with the set of immersed
n-dimensional submanifolds of Y (resp., multi-valued sections of , if J* = J®(m).

Differential operators and other standard elements of differential calculus are easily
constructed on J* within the framework of calculus over (filtered) commutative algebras
(see [29, 19, 25]). Namely, it means that one must deal with filtered modules P = { P;}
over the filtered algebra F = {F;} (see 2.3). A filtered differential operator

A:P={P}—0Q={Q;}
of order < k is an R-linear map such that

[f()a[fla"'[fkaA]“‘]]:07 vaw--akaf

where f;’s are understood as multiplication operators and A(F;) C Q;q), V.
In particular, vector fields on J*° are defined to be filtered derivations of the algebra
F. The totality of them constitutes a Lie algebra denoted by D = D(.J>°). Expressed
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in coordinates they look as
-0 0
X = — br—.
2, 2,

Summations here are infinite but it does not create any problem since smooth functions
on J* depend each only on a finite number of variables.

For a vector field X we write X € C and say that X belongs to C if Xy € Cy, V0 € J>.
The totality CD of all vector fields belonging to C is an ideal in the subalgebra

De={X€eD|[X,Z] €D, VZ €D}

of the Lie algebra D. Obviously, Dy € CD.
Putting D, = D{* o --- o DJ» for a multi-index ¢ = (071, ...0,) we have

Proposition 2.1. Any vector field X € Dc(J*°) can be uniquely presented in the form

(2.4) X = 9@ + Z ar Dy,
k
with P = (9017 . ~790m)7 Pi, A € f‘(‘]oo) and
0
9y = ;D"(“’")a—@

The vector field 9, is an evolutionary derivation corresponding to the generating
function .

Definition 2.2. The quotient algebra
= Dc/CD
is called the algebra of secondary vector fields on J°.

By Proposition 2.1 s is identified locally with the F-module of generating functions
Now we will distinguish an important class of differential operators on J>.

Definition 2.3. A differential operator A : P — () connecting two F-modules is called
C-differential, if it can be restricted to any integral submanifold W of J*, i.e.; A(p)|w
depends only on ply .

The totality of all C-differential operators from P to () is denoted by CDiff(P, Q). It
is a F-module.

Vector fields belonging to C, in particular, Dj’s, are manifestly tangent to integral
submanifolds of J* and, therefore, are C-differential. So, any matrix differential oper-
ator whose entries are of the form ) _a,D,, a, € F is a C-differential one.

Proposition 2.4. Locally all C-differential operator is of the above form.

Denote by A‘(M) the C°°(M)-module of i-th order differential forms on a manifold
M. The sequence of projections (2.1) generates the sequence of inclusions

Ai(JO) —s Ai(Jl) — ... Ai(Jk) — ...
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whose direct limit A = A%(J>) is the F-module of differential forms on J*. It is
naturally filtered by images of A’(J*)’s. Local expression of a form p € A!(J>) looks
as a finite sum

(2.5) p=" aldduy Ao Adzg, Aduly A A dul

11...1501...0]

Denote by CA*(J>) C AY(J>) the F-submodule of A’(J>°) composed of differential
forms vanishing on the Cartan distribution C.
Proposition 2.5. It holds

(i) CA* ={p=>d'w' |a’ € F} (the summation is finite),

(ii) CA" = CAY A AL

(iii) CA* = > CA" is a differentially closed ideal in A* =", A"(J>).
Remark 2.6. Exterior powers of the ideal CA* are also differentially closed. They
supply the de Rham complex A* with a filtration. The associated spectral sequence
is called the C-spectral sequence and represents the natural framework in the study of

cohomological aspects of PDE’s and the calculus of variations (see [31, 3, 21]). In this
paper we shall make use implicitly of some constructions from it.

The quotient A* = A*/CA* is called the algebra of horizontal differential formson J*.
The complex {A*, d}, d being the quotient exterior differential, is called the horizontal
de Rham complex. Its cohomology is the horizontal de Rham cohomology we denote by
B H =Y H'.

A local expression for a horizontal form looks as

w:E Qi .., Z‘qdl'il/\"'/\dl'iq, Aiy .., Z‘qe.?‘.

and B B B B
dw = Z Dy (ai,,...i,)dxy Ndxg, A -+ Ndxg,.

A C-differential operator [, : »» — F is associated naturally with a Cartan form
w e CAL:
Ou(p) == 9y |w, ¢ € .

Here we identify secondary vector fields with evolutionary derivations.
Ifw=> alw:, a € F, then

Oo=0)_a}D,,....Y alD,).

This row differential operator acts naturally on columns ¢ = (1, ..., ©m)7.

Proposition 2.7. The correspondence w — [, establishes a natural isomorphism of
F-modules n : CA*(J>) — CDiff (3¢, F).

The canonical isomorphism
CDiff (s, F) @7 A — CDiff (5, AY)
allows to extend naturally 1 to an isomorphism (still denoted 7)

(2.6) n:CA' @5 A" — CDiff (5, AY).
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In this paper we shall use the short X (w) for the Lie derivative of a differential form
w along a vector field X instead of the common Lx(w). Observe also that evolutionary
vector fields leave invariant the ideal CA* so that they acts as quotient Lie derivatives
on horizontal forms. We still denote such a quotient derivative as 9,(p), p € A*.

3. COHOMOLOGICAL GREEN’S FORMULA

The cohomological Green’s formula, i.e., a cohomological interpretation of the classical
one, was proposed by the second author in [30] (see also [31]). This formula is key for
what follows. In this section a short account of main facts about we shall need further
is given. For a more conceptual exposition see [21, 3].

3.1. Adjoint operators. In this subsection, M stands for an n-dimensional smooth
manifold, A = C°°(M), AF = A¥(M). All the tensor products are taken over A. Given
A-modules P and @ a differential operator

A:P—Q
of order < k is an R-linear map such that
lag, [a1, ... |ak, A]...]] =0, Vag,...,a, € A.

In this relation a;’s are understood to be multiplication operators.
All differential operators from P to () of order < k constitute a left A-module denoted
by Diffy (P, @Q)). The following (left) A-modules will be of our interest further on:

Dlﬂ(Pa Q) d;f U Dlﬂk(Pa Q)7
k>0
. def . . def .
Diff,(P) = Diffy(A, P), Diff(P) = Diff(A, P).

The algebra of scalar differential operators Diff A acts on A" transforming it into a
right Diff A-module. This action is such that for any a € A, X € D(M) and n € A"

def def
n-a=an, n-D= —D(n).

The action is defined uniquely by these properties.

Let A € DiffA™ and nn € A™ be a (local) volume form. Define the operator A, € Diff A
by A(a) = Ay,(a)n. The adjoint to A operator A* € Diff A" is defined in terms of the
aforementioned right action as

A*(a) = (an) - A,

Let (x1,29,...,2,) be a local chart, n = dzy A--- Adx, and A, =" aag% where
a = (aq,...,q,) is a multi-indice. Then

A(a) = (-1 20k,

For a given A-module R put R = Hom A(R, A™) and associate with an element r € R

the operator o, € DiffgR, o,(a) = ar. Note that R C R. Consider then an operator
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A € Diff(P,Q), P,Q being A-modules, and associate with a couple (p,q), p € P, q €

(), the operator
A(p,q) = 0G0 A oo, € Diff A™.

Obviously, A is determined completely by the famlly of operators A(p, 7). This allows
to define the adjoint to A operator A* € Diff (P, Q) by putting

Alp. ) =A*@Gp). YpeP, GeqQ.
The so-defined *-operation possesses the usual properties:
A=A, (AoO)*=0"0 A",
for any A € Diff(P, @) and O € Diff(Q, R), etc.
3.2. Linear Green’s formula. The following lemma is key for the Green formula.
Lemma 3.1. There exists a differential operator
#: Diff LA™ — A™E

of order < k — 1 such that for any O € DiffyA™ the relation
(3.1) O(1) =0%(1) + dx(0O)
holds.

Remark 3.2. The operator * is constructed naturally with help of a linear connection
on M (see [1]). In the cases k = 1 or dim M = 1 # is defined uniquely.

A possible local choice of the operator & is as follows. Let the local chart, volume
form 1 and the operators A and A, be as in the preceding subsection. For a multi-index
a=(aq,...,a,) put

0
a-1j=(a,...;05=1....0n), m =5 —]n.
J

Note that a “full parallelism connection” is associated with a local chart. Then the
corresponding to it operator # (see the above remark) looks as

(3.2) ZZ "ij%%

la|>1 j=1

Let now A € Diff(P,Q) be a general operator. By applying Lemma 3.1 to the
operator [J = A(p, q) one gets

(3:3) Alp,q)(1) = Alp,9)" (1) + dx(A(p, 7))

Introducing the notation (, ) natural pairings P ® P— A" Q® Q — A" we see that
A(p,q)(1) = (A(p),q) and A(p,q)" (1) = (p, A*(q)). So, rewriting 3.3 we get the linear
Green’s formula.

Theorem 3.3. For each A € Diff,(P,Q), p€ P, q € @, the following relation holds
(3.4) (A(p), @) = (p. A™(@)) + dx(A(p, 7))
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3.3. Green’s formula in C-theory. Notions and results discussed previously can be
extended to the “C-theory’ rather directly, just by putting through the substitutions:
oled
Dz’
For instance, in the “C-situation” R means Homg(R, A") for a F-module R, etc.

The C-versions of Lemma 3.1 and Theorem 3.3 are summed up as

F— A, CDiff, — Diff,, A'— A", d~—d, D"~

Theorem 3.4. There is a C-differential operator of order < k — 1
#: CDiff,A" — A" !
such that, for any A € CDiff,(P,Q), p € P and q € @ the relation

(3.5) (A(p), @) = (p, A™(q)) + d%(A(p, Q)
holds.

In a local jet-chart (z;,u’) the description of what was discussed above is as follows.

We start from the horizontal volume form 1 = dry A --- ANdzx, € A*. Then an operator
A € CDiff A" is described as

A =B By =S auD®, foa.€F.

The corresponding description for the adjoint operator A* € CDiff, A" is
A(f)=A5Hm Ay= (-1)Doa,.

«

Similarly, the C-analogue of formula 3.2 is

(3.6) -y Z 1) % D Y (aa) -

la|>1 j=1

In the case n = 1 there exists a canonical choice of the operator ;& which coincides
locally with 3.6. In this case this expression becomes particularly simple. In fact, by
putting t = x1 we have

n=dt, Ala)=A2,a)n, A= aD;

with D, being the total derivative with respect to ¢ and

(3.7) #(A) ==Y (-1)°'D; " oa

s>1

3.4. Green’s formula in the calculus of variations. This formula is obtained from
the previous one by specializing it to the universal linearization operator corresponding
to the variational functional in question.

Let p € A*. The operator

ly: e — A*, (o) = 94(p), ¢ € 2,

is called the universal linearization operator of p. It should be stressed that £, €
CDiff (5, A™).
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Let ¢ € s and w € A" a lagrangian density. The velocity of change of w under the
“evolution” 9, is described by the Lie derivative

(3.8) Op(w) = Lu() = (Lu(p), 1)
The Green formula (3.5) applied to ¢, says
(3.9) lulp) = (Lo(), 1) = (@, €5 (1)) + d(Lu(p, 1)).

Formula 3.9 tells that horizontal forms ¢, (¢) and (g, £5(1)) represent the same hori-
zontal cohomology class. Note also that £/ (1) € .

Formula 3.9 is a “conceptual” version of the classical formula for the first variation. Its
principal advantage is that it shows manifestly the mathematical nature of composing it
terms. For instance, the Euler-Lagrange equation for the functional [ w reads in these
terms as

(3.10) (1) = 0.

In other words, the Fuler operator associating with a functional the corresponding
BEuler-Lagrange equation looks as

E:we Ew) Y e ().

Remark 3.5. It is worth stressing that the Euler operator is not C-differential. In
Secondary Calculus C-differential operators represent zero order secondary differential
operators while the Euler operator represents the first order one.

4. THE LEGENDRE TRANSFORMATION

Now we pass to analyze the second term in the right side of Green’s formula 3.9.
First, note that the map

(4.1) Kot o — Ku(0) 2ok (Lo, 1))

is a C-differential operator. In the sequel it plays a central role.

Definition 4.1. The operator i, € CDiff(s, A"7!) is called the Legendre operator
associated to the lagrangian w.

The operator s, is defined up to the addend of the form do with [J € CDiff (s, A"~2).
This arbitrariness can be eliminated only for n =1 or k = 1.

Let w=Ln, L € F,and n = dx; A--- Adx,. In order to obtain a local expression
for #,, we first observe that £, (p,1) = 9,(w) = (>, aaD*)n with

oL
w=3("1) e

B

So, with the choice made in (3.6) one gets

42wl = ST o ( o Dﬂ«on) n
B

a,j
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The isomorphism 7 (Proposition 2.7 and (2.6)) applied to ., proves existence of a
Cartan form © € CA' ® A" ! such that

(4.3) oy (p) = ¢]O

The form © will be called the Legendre form associated to w.

4.1. What is the Legendre transformation? Now we are going to establish a re-
lation between the Legendre operator defined above and the Legendre transformation.
In the simplest case n = k = 1, which covers, in particular, Lagrangian mechanics,
formulae (4.2) and (4.3) looks, when passing to the notation z; = ¢, u = ¢, jx—“l =
4, w= L(t,q,q)dt, etc, as
L L
Ky = g—q and © = g—q,(dq — qdt).

This shows that in this case the Legendre operator and Legendre transformation
coincide at least on the level of local expressions. This observation is key in revealing the
nature of the Legendre transformation. In fact, the original “descriptive” definition p =
%—s (even interpreted invariantly in terms of geometry of tangent and cotangent bundles)
does not give reasonable indications on how to generalize it to arbitrary functionals
(Lagrangians). On the other hand, since the Legendre operator is defined naturally for

arbitrary functionals it is natural as well to conjecture that

in the general case the Legendre transformation is represented by the Le-
gendre operator.

However, this can not be taken yet as a rigorous formal definition by the following rea-
sons. First, the density of a functional is defined only up to a full divergence term and,
second, for a given density the associated Legendre operator is not unique as well. So, it
is not straightforward to understand what are the domain and the range of the Legendre
transformation represented by a Legendre operator. The nature of this non-uniqueness
indicates unambiguously a cohomological nature of the Legendre transformation. It
is worth noticing in this connection that numerous tentatives to define the Legendre
transformation for general functionals in terms of local differential geometry resulted
successful only for situations when this non-uniqueness can be naturally eliminated (see
[6]). ‘Higher order mechanics’, i.e., n = 1 and k is arbitrary, is, maybe, most important
of them. In the rest of this paper it will be shown that for ‘higher order mechanics’
the above conjecture is pretty confirmed by deducing from it all known in that concern
results. We chose this particular case for two reasons. One of them is to illustrate the
conjecture on a well established material which does not require a recourse to elements
of Secondary Calculus. On the other hands, elaborating details in this relatively simple
situation we get additional useful hints to face the problem in full generality.

4.2. Legendre transformation in higher order mechanics. For our purposes it
will be sufficient to limit our considerations to the trivial bundle 7: M x R — R, M
being an m-dimensional smooth manifold. Denote by ¢ the canonical coordinate in R
and by (¢!, ...,¢™) a local chart on M. Then the associated chart in J*r (see Section
2) is (t,q)), i =0,1,...,k, 5 =1,...,m. Sometimes it will be convenient to use the
short notation ¢ = qo = (¢',...,¢™) and ¢; = (¢}, ..., q").
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Fix a k-order Lagrangian density w = Ldt, i.e., L € C®(J*r). In this notation
e:legendre becomes

(4.0 wolp) = = 30(-1) DL (Z o (ljjr)D:(m)

>1 i aqlzﬂ‘
oL )
= —1)°D] | =—— ) Di(¢p;
g;( S (8q},+8+1 Hei)
or, alternatively,
(4.5) wu() = > AID; (i) = (ko k) (1, o)
where A
W, = AID;, i=1,..m
if

oS (52

s aq:’—i—s—i—l
In other words, in shortened notation
(4.6) #w, = A+ A'D, + A’D? + ... 4 AFIDF!

where the coefficients A" are determined recurrently as

( —
AL = Ly,
Ak—2 — L%—1 _ DtAk—l
A7 . .
( ) < A2 - ng - DtA?)
Al — Lq2 - DtA2
\AO - qu - DtAl
(here L,, stands for the row of partial derivatives g—;; = (g_qu e (%—fn)).

Remark 4.2. From these relations it results that A" depends on derivatives of order
<2k —r—1,ie., lieson J? 7,

In view of (4.7) the Euler-Lagrange equation may be rewritten as follows. According
to (3.10) we have
E(w) =,(1) =) (=1)"D;(Ly,)dt = (L, — Dy A)dt.

So, the Euler-Lagrange equation takes the form
(4.8) L,— D/A=0

Accordingly, the Legendre form © (in the considered case it belongs to CA') has the
local expression

(4.9) O = Ao(dq — qdt) + Al(dql — qodt) + - - - Ak_l(qu_l — qrdt)
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The coefficients of © are functions on J?~!7 and, hence, © may be viewed as a form

on J?~11. The peculiarity of © is that for any z € J?*~!7 the co-vector
O, = ag(dg — bodt) + a1(dg1 — b1) + - - - + ap—1(dgr—1 — bg—1),

with a; = A%(z), b; = qi(z) may be viewed also a co-vector on J*~! at the point
W = Tok—1 k—1(2) vanishing on the 1-dimensional subspace

L, ={€cT,(J" ') | €|(dg; — bidt) =0, i =0,1,...,r — 1}

which is complementary to the subspace V,, C T,,(J* ') of vertical (with respect to
the projection J* 17 — R) tangent vectors. By this reasons ©, is interpreted naturally
as a linear functional on V,,, i.e., as an element, denote it by ©Y, of V*  without any
loss of information.

Definition 4.3. The correspondence
N N M=
is called the Legendre map (transformation) associated with the Lagrangian density w.

Denote by VJ"r — J"m the bundle of vertical (with respect to J"m — R) tangent to
J'm vectors and by V*J"m — J"7 the dual bundle. So, the Legendre map is designed
as

(4.10) k-1 _ £ VEJELr

Remark 4.4. So, the Legendre transformation is just a suitable geometrical interpreta-
tion of the form © and, therefore, of the Legendre operator #*,,. It can be done, however,
directly, i.e., in terms of x,, itself, by applying the “permutability law” VJ" = J"V.
We have chosen ‘forms’ instead of ‘operators’ in order to facilitate a comparison with
the standard approach.

The jet bundle J"7m — R inherits the triviality of 7 and may be seen as
(4.11) M xR —R

where M| = J§(R, M) is the (1,r)-velocities space of M.
It is straightforwardly from (4.11) that

(4.12) VAR o~ T M x R,

This shows the range of the Legendre map to be a family of symplectic manifolds
indicating directly on existence of a Poisson bracket on it.

To get a convenient local description of the Legendre map consider a jet-chart (¢, g1, - . -

on MF™' and then the associated symplectic chart (q,qi,...,qe_1,p,0"...,p* ') on

; qk—l)
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T*M}~*. This way one gets the chart (t,q,q1,...,q1,p, 0", ...,p" ) on J* r. In its
terms the Legendre map is, obviously, described as

L) =t
LA(p) =A i=0,.. . k-1

Proposition 4.5. The Legendre map is a local diffeomorphism if and only if the Hessian
matriz (Lg.q,) of the Lagrangian function L = L(t,q,q,...,qx) with respect to the
higher order derivative coordinates is nondegenerate:

det (Lg,q.) 7 0.

Proof. Observe that local expressions (4.9) can be rewritten in the form

(A1 = Ly,
AR = ot q, -5 k) — Q1 Lo,
Ak-3  — ¢k_3(t, q,..., Qk+1) - qk+2LQka

(4.14) )
Al = ¢1 (ta q,---, q2k—3) - Q2k—2quqk
A = ¢o(t,q; - - s Gar—2) — Gar—1Lgyq,
for some functions ¢y, . .., Px_o.
Now it is easily seen from (4.14) and (4.13) that the determinant of the Jacobian
matrix of £ is, up to a sign, the k-th power of det(Ly,q, )- O

5. ENERGY AND HAMILTONIAN CANONICAL EQUATIONS

The energy of a Lagrangian system is the Noether current corresponding to the
‘translation in time’. Compute with this purpose £ (w) having in mind that (see de-
composition (2.4))

0
where we use ¢ instead of ¢; as it is standard in mechanics. Then, applying the Green’s
formula 3.9 to 9;(w) = £,(q) we see that
d . = :
5 W) = —(¢, 6(1)) + d(=#u(q) + DeJw)
— (4, €5(1)) + Di(—wiu(q) + Lt

So, if w is time-indepent, i.e., %(w) =0, then
(5.2) Di(#,(¢) — L) =0

on the extremals of the corresponding variational problem, i.e., solutions of the Euler-
Lagrange equation £(w) = 0.
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Definition 5.1. The function
E =%,(4) — L

is called the energy for the Lagrangian system associated with the Lagrangian density
w.

Hence, Edt is the Noether current corresponding to %.
The local expression for the energy function is obtained immediately from (4.6):

(5.3) EZQ1'A+Q2'A1+---+Qk-Ak_1—L

where we write ¢; - A for ¢t Ay + ¢2 Ay + - - + ¢" A, ete.
Since A — L,,., = —D;(A™1) (see (4.9)) the differential of £ takes the form

Qit+1
(5.4) dE = — Lydt — L,dq

— Di(AYdgqy — Dy(A*dgy — - - — Dt(Ak_l)ko—l
+ qdA + @ud A + -+ + qdek_l

In view of (4.8) we obtain a new version of the Euler-Lagrange equation by substituting
DA for L, in identity (5.4):

Proposition 5.2. The Fuler-Lagrange equation is equivalent to the relation
dE = — Lydt — Dy(A)dq — Dy(AY)dqy — - - — Dy(A* N dgp_1
+ q1dA + god AT + - - - + grd AR

A Lagrangian density is called regular if the corresponding Legendre map is a diffeo-
morphism on its image. The following is standard:

Definition 5.3. If a density w is regular, then the function
HE (L) Eec>(V* I 1)
is called the Hamiltonian function corresponding to w.

By applying now (£7')* to (5.4) and using (4.13) one finds that

(5.5) dH =(LY)*dE = —(£7)* Ldt
— Df(p)dg — Df (p")dqs — - — DF(pF ) dgi
+ Dy (q)dp + Df (q1)dp* + -+ - + Df (g—1)dp" ™
where DF = (L71)* o Dy o L*.

In view of Proposition 5.2 the Euler-Lagrange equation for w is equivalent to (5.5).
Rewritten in terms of coefficients of figuring in it differential forms (5.5) reads as:

Proposition 5.4 (Canonical equations). If the Legendre map L is a diffeomorphism,
the Euler-Lagrange equations are equivalent to the system
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oH _
OH Py Oqi = —D¢(p')
(5.6) — = (L) —, i=0,1,....k—1.
ot ot OH B
c
8pz = Dt (q1)7
where qo = q, p° = p.
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