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DECOMPOSITIONS OF THE LOOP ALGEBRA OVER
so(4) AND INTEGRABLE MODELS OF THE CHIRAL
EQUATION TYPE

0. V.EFIMOVSKAYA AND V.V.SOKOLOV

ABSTRACT. Decompositions of the loop algebra over so(4) are con-
sidered, and the exactly integrable nonlinear hyperbolic systems of
the principal chiral field equation type are analyzed. New example
of such system is found and the Lax representation for this example
is constructed.

UDC 517.9584-512.77

Introduction. In this article, we consider decompositions of the loop
algebra so(4)((\)) to the direct sum

(1) s0(4)((A) = so(4)[[N] @ G
of vector spaces, where so(4)[[\]] denotes the Taylor series Lie subal-
gebra and G is some Lie subalgebra. This subalgebra G is called a

factoring subalgebra. ;From the results of the paper [2] it follows that
the integrable system of the form

(2) ue = [u, Sv+vS", v, =[v, Su+uS",

is assigned to each factoring subalgebra G; here u, v € so(3), S and S
are some constant matrices and the superscript ¢ denotes transposition.
The Lax pair for system (2) is expressed in terms of the projector onto
the subalgebra G due to decomposition (1).

We will describe integrable models of the form (2) within the frame-
work of [2] under the additional assumption that the matrices S and S
are diagonal. In this case system (2) can be rewritten as follows

(3) us = Av x u, v,=Auxv,
where
A= diag()\l, )\2, )\3), /_\ = diag(j\l, 5\2, 5\3)

Here u = (uy, ug, uz) and v = (v, v, v3) are vectors in R? and
the cross x denotes vector product. Quite obviously, system (3) is
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compatible with the condition |u| = |v| = 1, which is usually imposed
when speaking about applications in physics or geometry.
The transformations

U; — —Uj, Vi — — Uy, §— —¢, n—-n

do not spoil the integrability of system (3) for any i. They are equiv-
alent to the change \;, — —A\;, \; — —\;. In addition, compatible
transpositions of diagonal elements within the matrices A and A are
also allowed.

Further on, we will show that system (3) admits a Lax representation
if the elements of the matrices A and A satisfy the relations

(4) MALAS = A3) + A2 do (AT — A3) + A3 Aa (A3 — AT)

0,
(5) )\15\1(5\3 — 5\%) + )\25\2(5\% - 5\%) + )\35\3(5‘3 - 5‘%) = U

If all elements \; are nonzero, relation (4) implies the equalities

K < K S K
=2 Ao = K1Ag + —2, A3 = K1A3 + -2
2

6) A=K\
(6) 1 /€11+)\17 h\ N

Relation (5) is equivalent to the equation
rikz(A5 = A5) (A = A (A3 — AT) = 0.

The case k2 = 0 corresponds to the known integrable model by I. Che-
rednik ([3]), while the case k1 = 0 was discovered by I. Golubchik and
V. Sokolov, see [1, 2]. If k; # 0, then without loss of generality we put
A1 = Xo. Then we have \; = 5\2, while As, A3 are arbitrary. Possibly,
this case is new.

We conjecture that Eq. (4-5) are not only sufficient, but also neces-
sary for exact integrability of the model given in Eq. (3). In principle,
one can use the symmetry approach or the Painlevé test to prove this.

1. FACTORING SUBALGEBRAS FOR THE LOOP ALGEBRAS OVER
s0(3) AND so(4)

In the sequel, we represent the elements of so(4) as block-diagonal
matrices which consist of two blocks, each of them belonging to so(3).
By e1, es, and e3 we denote the standard basis in so(3); namely, we
put

o O
o O

€3 —

o OO
o O =
o O O
O = O
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Obviously, any factoring subalgebra G in so(4)((\)) contains the series

El—i(eol 8)+(3 g)+0(k),
" =55 0) (5 a)ow
Egi(e(f 8)+(; g)+0(k),
B-5 (0 o) (50)+om
® Ba=5 (0o )+ (5 0) o
B=5(0 o) (50)+om

where

9) a= Zaiei, b= Zbiei, c= Zciei,
(10) a= ZC_LZ‘GZ‘, l_) = Zl_?z‘ez‘, Cc = Z Ci€;

are some elements of so(3).

It is clear that the sum of the Lie subalgebra G, which is generated
by series (7-8), and the Taylor series subalgebra coincides with whole
algebra so(4)((A)). But for generic elements of the form (7), (8) this
sum is not direct.

Proposition 1. For any factoring subalgebra G, the following commu-
tator relations are satisfied

[EQ’]E]?} 0 a1 —as E;
(11) [E27E3j| = 0 bl —bg E3 +
[E27E1j| 0 1 —C3 El
0 —a1 as E;
aq 0 —a9 ]:33 s
—Aas C_LQ O El
[E37]§“2} —a1 0 ap E;
(12) [Eg, Eg} = —b1 0 by Es -+
[E37E1} —c 0 ¢ E1
_O —l_?l 6§ ]?12
by 0 —by Es |,
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[E1, Es] a3 —az 0 E,
(13) [El,Eg} = bs —by O E; +
[El,El} C3 —C 0 El
0 —& & E,
a0 - E;
—c3 ¢ 0 E,

Proof. Since the sum of so(4)[[\]] and G is supposed to be direct, the
dimension of the vector space generated by elements (7), (8) and their
pairwise commutators must be equal to 12. In other words, for any i
and j commutators [E;, E;] are some linear combinations of genera-
tors (7), (8). For instance,

3
[Eqi, By = ZmiEi + n;E;
i1

for some constants m; and n;. Substituting the corresponding decom-
positions from (7), (8) for E;, E into the above identity and equating
the coefficients of A\~!, we obtain explicit expressions for m; and n; in
terms of the coefficients from formula (9). These expressions are given
by the first row of matrix formula (13). In this manner, we obtain all
identities (11-13). 0

It is easy to see that for any factoring subalgebra G its projections
onto the first and second blocks are factoring subalgebras for the al-
gebra so(3)((\)). Relations (11-13) describe the “interaction” between
these two factoring subalgebras. If all constants a;, b;, ¢;, a;, b, & are
equal to zero simultaneously, then the algebra G is the direct sum of
two factoring subalgebras for so(3)((\)).

Another necessary condition for the sum of so(4)[[A]] and G to be
direct is that the dimension of the vector space spanned over the vectors
E;, [E;, E;], and [E;, [E;, Et]|] be equal to 9. The same condition
should be fulfilled for the generators E;, E,, Es. The corresponding
commutator relations coincide with the identities for the loop algebra
s0(3)((A)) obtained in [1]. Namely, the following statement is valid.

Proposition 2. Suppose G is a factoring subalgebra; then the following
relations are satisfied

[E1, [Es, Es]] Es3, Eq] E,
(14) [Eg, [El, EQ]] = A [El, EQ] + B E3
[Ez, [E3, Eq]] [E2, Es E,
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and

[E37 [E27 EB]] + [Eh [Eh EQ]]
(15) [Eh [E37 El]] + [E27 [E27 EB]] =
[E2, [E1, Eo]] + [Es, [Es, Eq]]

[Es, E{] E,
C [El, EQ] +D E3 ,
[E27 E3] El
where A, B, C, and D are some matrices of the form
—u w0 —a [ 0
(16) A = u 0 —v |, B = a 0 —v 1,
0 —w v 0 -6 7~
r v —w e v —=p
(17) C=| v y wu , D=| v 7 «
w o —u oz 6 —a 0

and w, v, w, x, Yy, 2, a, 3,7, 0, T, and £ are some numbers such that
the conditions tr C = tr D = 0 are satisfied. Moreover, there exist the
constants k1 and ko such that

(18) A+ kB =0,  kC+kD=0.

The analogous commutator relations link the generators E;, Ey, Es:
one should put bars over all symbols in Eq. (14-18).
Now we recall a general construction from the paper [2]. Let

d d _
Then the relation [L, M| = 0 is equivalent to the system
(20)  we = [u, vic+vea+wvsb], v, = [v, U1C + usd + uzbl,

where u = > ue;, v = > v;e;. Indeed, the commutator [L, M] lies
in G, and its asymptotic behaviour is Z/\ + O(1), while system (20)
is equivalent to the condition that the residue Z be equal to zero.
The algebra G does not contain non-zero Taylor series, therefore the
equation Z = 0 is equivalent to the condition [L, M] = 0.

One easily checks that Eq. (20) can be rewritten in the form (2),
where

%(ag — bg + Cl) as —C3
(21) S = by %(—CLQ + b3 + Cl) Co
—by ai %(GQ +bs— 1)

and S is obtained by putting the bar over each symbol in the formula
above.

Within this paper, we assume that the matrices S and S are diagonal,
which implies

CL1:C_L1:agzagzbl261262262202:52203:53:0.
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Then the matrices A and A in Eq. (3) are
(22) A= diag(cl, as, bg), /_\ = diag(él ,C_LQ, [_?3)

We also assume that none of these matrices is zero, otherwise system (3)
becomes trivial.

One can check that in this case the structure of the generators (7),(8)
is of the form

(e O = _ ([ piei 0O
(23) Ez( 0 piei)’ EZ( 0 qz‘ez‘)’

where ¢; and @ are some scalar Laurent series with the asymtotics
1/A+ O(1) and p;, p; are Taylor series.

Now we describe all factoring subalgebras with the generators given
by Eq. (23). Substituting Eq. (23) into commutation relations (11-15),
we get an overdetermined system of algebraic equations for ¢;, p;, ¢,
pi. Quite obviously, the relations

are its compatibility conditions.
The system consists of the equations

192 — q3p1 + 1_?32?2 =0, €193 — q2p1 + az2ps = 0,

(24) a2q1 — qsp2 + 1_?3p1 =0, a2q3 — q1p2 + c1p3 = 0,
bsqa — qips + cip2 = 0, bsqi — qaps + aspr = 0,

Y 142 — T g3 + 413 — ¢5q3 = 0,
(25) Zqaq3 — 6 1 + q1gs — q1q; = 0,
T q1q3 — € Go + G243 — q1q2 = 0,

Y pip2 — T 3+ pips — paps = 0,
(26) Z paps — 6 p1+ pips — pips = 0,
T pips — € pa + papi — pipe = 0.

There is also the system symmetric to (24-26) with bars over all sym-
bols.
JFrom Eq. (24) and (25) it follows that

(27) p1=c1+ O(N), P2 = as + O(N), p3 = bg + O(N),

ya X
ﬁ—ﬁ:%+qm ﬁ—ﬁzx+@D, ﬁ—ﬁzx+qm

Excluding the unknowns ¢1, g2, g3 from Eq. (24), we obtain the equation

asas(p} — p3) + bsbs(p3 — p7) + 1 (p3 — p3) = 0,
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whence, by using Eq. (27),(22), we deduce that condition (4) is neces-
sary. Condition (5) is obtained if we start from the system symmetric
to Eq. (24). The equation

(28) pi(a — a5) +p3(as — ai) + pi(af — ¢3) =0
also follows from Eq. (24). Also, formulae (28) and (27) imply the
equation

Az +ajr + by = 0.
Taking into account the condition x + y + z = 0, we conclude that
either the relation

(29)  z=r(a3—03), w=w(l5-cf), y=nrl(q-a)
holds for some &, or the relation ¢ = a3 = b3 is valid. The second case
corresponds to the unit matrix A (up to the transformations mentioned

in the introduction).
The unknows py, pa, ps are also found from system (24): they are

c1q1G5 + a2b3q2q3 + C1bsbsq

P1 = — _ 7 )

q1q2q3 — C1G2bs3
2 _ _

a2q2q5 + b3C1q1q3 + azc1C1q2

(30) P2 = 3 — ,
q192q3 — CiGz2bs

s — b3qsqi + c12q1G2 + bsasaags

3 = .

(14243 — C1dibs

The denominators in these expressions are nonzero due to Eq. (27).
One can check that the other three equations in system (24) are equiv-
alent to the relations

(31) C1z2 = agl_?g — C_Lgbg, A9 = bgél — 6301, bgy = Ci1a9 — 51@2,
(32)
015 =C (CLQC_LQ — bgbg), a9 = C_Lg(bgbg — 0151), bgT = 63(0151 — CLQC_LQ),

since equations (25) hold.
Now we consider system (25). Taking into account the condition
r+y+z=ec+d+7=0, from Eq. (25) we get

0Gi +eq3+745 =0, 24345 + 2qiq; + yaigs = 0.

Three cases follow from these relations and the second condition in
Eq. (18). Namely, either we obtain the equality z =y = z = 0, or the
equation € = 0 = 7 = 0 holds, or, finally, two series among ¢1, g2, and
qs coincide. In the last case, we put g2 = ¢; without loss of generality;
then we also conclude that either 7 =y = 0 or g3 = ¢1.

Case 1. Consider the case x = y = 2z = 0. In addition, suppose
that ¢; # ¢, for any i # j (unless we get Case 3). System (25) acquires
the form

G-—qG=90, @G-d=:  G—¢-=r
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iFrom Eq. (31) and (32) it follows that the relations
cL = kCl, Ay = kag, l_?g = kbg,
SRt e—RH-d).  r-k(d-d)

hold. Here k is a nonzero parameter which can be eliminated from
system (3) by a scaling of the independent variable 7. The parameter A
in the factoring subalgebra problem is defined up to the change

(33) A= A4 Fo A 4 ks A
therefore, without loss of generality, we assume that the conditions
1
0 K = g}~ K} = g - K =

are fulfilled. We finally have

V1 + k22N V14 k2a3\? . 1+ k2b3N?
=" =" 3=
A A A

R \/1 + k2a2e \/1 +R20202 4 kasbs\y /1 + k22N,

pr = an\/1+ K201+ RA2 1 heabahy /1 + K2a302,

HHH

Py = by /1 + KN\ /1+ K230 + keraahy /1 + R203X2.

The formulae for the functions g;, p; are similar.

Now we consider the upper block in the equation [L, M] = 0 for the
operators L and M, which are given in Eq. (19), and obtain the Lax
operators

3 3
d d
for Cherednik’s model. Here the coefficients belong to so(3). The lower
block defines another Lax pair which is completely analogous.

Case 2. Consider the case ¢ = 0 = 7 = 0; assume that ¢; # ¢; for
any i # j. Taking into account Eq. (29), we rewrite system (25) in the

form
(143 2 G243 s 1
RQ K

whence we get

V14 kaiA/1+ KbEA V14 EEAN/1 4 kb2
q1 = \ ’ q2 = \ 5
V14 EEAN/1 + ka3
q3 = \ )

P1 = C1Aq1, D2 = A2)\q2, p3 = bs\gs,

C1C1 = G209 = bgbg = HClagbg.
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One can easily obtain analogous expressions that define the functions
q_i7 pz

Case 3a. Consider the case ¢ = g2 and assume 7 =y = 0. ;From
Eq. (28) it follows that p? = p3, and Eq. (27) implies the condition
c? = a3. Also, from Eq. (24) we easily get ¢ = a3. Consider the case
P2 = p1, €1 = ag, € = . By definition, put & = tc; and k = by + bst,
where k and t are arbitrary constants; further on, we define A\ from the
equation

~ 1
i — ¢ = e
Then, the solution is
V14 23N VA+ k2N K
h=@=""""" Q3:T+§—b3ta

1
P1=p2= 54 (BX + VA + E2X2) /1 + t2c3N%,
1
ps = bz + itc%A (kX + V4 + k2)2).

The Lax pair (19), (23) assigned to this solution is one of the main
results of the present paper. The constants ¢ and k look a bit artificial;
they are introduced in order to absorb the degenerate case which is
considered below. The case p, = —p; is treated quite analogously and
results in the same system (3).

Case 3b. Let the relation ¢; = ¢2 = g3 hold. ;jFrom Eq. (25) we
obviously get t =y = 2 =6 = ¢ =7 = 0. Also, from Eq. (24) we
obtain

(35) (p17p27p3) = t(claa27b3)7

where ¢ is a Taylor series in A.
The terms as, b3, ¢; do not equal zero simultaneously; consequently,
the constant term ¢o of the series ¢ is also nontrivial and the relation

(36) (€1, a2, b3) = to (c1, s, bs)
holds. By using Eq. (35), from Eq. (24) we obtain the equations
(d—a)(1=t)=0,  (b5—a3)(1—t)=0,  (cf—b5)(1—1)=0.

Clearly enough, either all p; are constants or a3 = b2 = ¢. In the first
case, without loss of generality we assume that as = ¢; = a9 = ¢, =
p1 = pa = 0. The final result is

1
=2 = 0= pr=p2=0, p3=>Ds.
We finally note that these formulae are a particular subcase within
Case 3a if we put ¢; = 0.
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In the second case, suppose that ¢; = ap = bs. Then Eq. (36) implies
€1 = as = bz, and therefore p; = py = p3. The solution
1

q; = X + ¢, pi = 01(1 —+ 51)\)

is absorbed in Case 2 if k = 1/¢; and ¢; = bs = as.
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