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Abstract. Decompositions of the loop algebra over so(4) are con-
sidered, and the exactly integrable nonlinear hyperbolic systems of
the principal chiral field equation type are analyzed. New example
of such system is found and the Lax representation for this example
is constructed.
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Introduction. In this article, we consider decompositions of the loop
algebra so(4)((λ)) to the direct sum

(1) so(4)((λ)) = so(4)[[λ]] ⊕G
of vector spaces, where so(4)[[λ]] denotes the Taylor series Lie subal-
gebra and G is some Lie subalgebra. This subalgebra G is called a
factoring subalgebra. ¿From the results of the paper [2] it follows that
the integrable system of the form

(2) uξ = [u, Sv + vSt], vη = [v, S̄u + uS̄t],

is assigned to each factoring subalgebra G; here u, v ∈ so(3), S and S̄
are some constant matrices and the superscript t denotes transposition.
The Lax pair for system (2) is expressed in terms of the projector onto
the subalgebra G due to decomposition (1).

We will describe integrable models of the form (2) within the frame-
work of [2] under the additional assumption that the matrices S and S̄
are diagonal. In this case system (2) can be rewritten as follows

(3) uξ = Λv × u, vη = Λ̄u× v,

where

Λ = diag(λ1, λ2, λ3), Λ̄ = diag(λ̄1, λ̄2, λ̄3).

Here u = (u1, u2, u3) and v = (v1, v2, v3) are vectors in R
3 and

the cross × denotes vector product. Quite obviously, system (3) is
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compatible with the condition |u| = |v| = 1, which is usually imposed
when speaking about applications in physics or geometry.

The transformations

ui → −ui, vi → −vi, ξ → −ξ, η → −η

do not spoil the integrability of system (3) for any i. They are equiv-
alent to the change λi → −λi, λ̄i → −λ̄i. In addition, compatible
transpositions of diagonal elements within the matrices Λ and Λ̄ are
also allowed.

Further on, we will show that system (3) admits a Lax representation
if the elements of the matrices Λ and Λ̄ satisfy the relations

λ1λ̄1(λ
2
3 − λ2

2) + λ2λ̄2(λ
2
1 − λ2

3) + λ3λ̄3(λ
2
2 − λ2

1) = 0,(4)

λ1λ̄1(λ̄
2
3 − λ̄2

2) + λ2λ̄2(λ̄
2
1 − λ̄2

3) + λ3λ̄3(λ̄
2
2 − λ̄2

1) = 0.(5)

If all elements λi are nonzero, relation (4) implies the equalities

(6) λ̄1 = κ1λ1 +
κ2

λ1
, λ̄2 = κ1λ2 +

κ2

λ2
, λ̄3 = κ1λ3 +

κ2

λ3
.

Relation (5) is equivalent to the equation

κ1κ2(λ
2
3 − λ2

2)(λ
2
1 − λ2

3)(λ
2
2 − λ2

1) = 0.

The case κ2 = 0 corresponds to the known integrable model by I. Che-
rednik ([3]), while the case κ1 = 0 was discovered by I. Golubchik and
V. Sokolov, see [1, 2]. If κi �= 0, then without loss of generality we put
λ1 = λ2. Then we have λ̄1 = λ̄2, while λ3, λ̄3 are arbitrary. Possibly,
this case is new.

We conjecture that Eq. (4-5) are not only sufficient, but also neces-
sary for exact integrability of the model given in Eq. (3). In principle,
one can use the symmetry approach or the Painlevé test to prove this.

1. Factoring subalgebras for the loop algebras over

so(3) and so(4)

In the sequel, we represent the elements of so(4) as block–diagonal
matrices which consist of two blocks, each of them belonging to so(3).
By e1, e2, and e3 we denote the standard basis in so(3); namely, we
put

e1 =


 0 1 0

−1 0 0
0 0 0


 , e2 =


 0 0 1

0 0 0
−1 0 0


 , e3 =


 0 0 0

0 0 1
0 −1 0


 .
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Obviously, any factoring subalgebra G in so(4)((λ)) contains the series

(7)

E1 =
1

λ

(
e1 0
0 0

)
+

(
∗ 0
0 c̄

)
+ O(λ),

E2 =
1

λ

(
e2 0
0 0

)
+

(
∗ 0
0 ā

)
+ O(λ),

E3 =
1

λ

(
e3 0
0 0

)
+

(
∗ 0
0 b̄

)
+ O(λ),

(8)

Ē1 =
1

λ

(
0 0
0 e1

)
+

(
c 0
0 ∗

)
+ O(λ),

Ē2 =
1

λ

(
0 0
0 e2

)
+

(
a 0
0 ∗

)
+ O(λ),

Ē3 =
1

λ

(
0 0
0 e3

)
+

(
b 0
0 ∗

)
+ O(λ),

where

(9) a =
∑

aiei, b =
∑

biei, c =
∑

ciei,

(10) ā =
∑

āiei, b̄ =
∑

b̄iei, c̄ =
∑

c̄iei

are some elements of so(3).
It is clear that the sum of the Lie subalgebra G, which is generated

by series (7-8), and the Taylor series subalgebra coincides with whole
algebra so(4)((λ)). But for generic elements of the form (7), (8) this
sum is not direct.

Proposition 1. For any factoring subalgebra G, the following commu-
tator relations are satisfied

(11)




[
E2, Ē2

]
[
E2, Ē3

]
[
E2, Ē1

]

 =


 0 a1 −a3

0 b1 −b3

0 c1 −c3





 E2

E3

E1


 +


 0 −ā1 ā3

ā1 0 −ā2

−ā3 ā2 0





 Ē2

Ē3

Ē1


 ,

(12)




[
E3, Ē2

]
[
E3, Ē3

]
[
E3, Ē1

]

 =


 −a1 0 a2

−b1 0 b2

−c1 0 c2





 E2

E3

E1


 +


 0 −b̄1 b̄3

b̄1 0 −b̄2

−b̄3 b̄2 0





 Ē2

Ē3

Ē1


 ,
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(13)




[
E1, Ē2

]
[
E1, Ē3

]
[
E1, Ē1

]

 =


 a3 −a2 0

b3 −b2 0
c3 −c2 0





 E2

E3

E1


 +


 0 −c̄1 c̄3

c̄1 0 −c̄2

−c̄3 c̄2 0





 Ē2

Ē3

Ē1


 .

Proof. Since the sum of so(4)[[λ]] and G is supposed to be direct, the
dimension of the vector space generated by elements (7), (8) and their
pairwise commutators must be equal to 12. In other words, for any i
and j commutators [Ei, Ēj] are some linear combinations of genera-
tors (7), (8). For instance,

[E1, Ē2] =
3∑

i=1

miEi + niĒi

for some constants mi and ni. Substituting the corresponding decom-
positions from (7), (8) for E1, Ē2 into the above identity and equating
the coefficients of λ−1, we obtain explicit expressions for mi and ni in
terms of the coefficients from formula (9). These expressions are given
by the first row of matrix formula (13). In this manner, we obtain all
identities (11-13). �

It is easy to see that for any factoring subalgebra G its projections
onto the first and second blocks are factoring subalgebras for the al-
gebra so(3)((λ)). Relations (11-13) describe the “interaction” between
these two factoring subalgebras. If all constants ai, bi, ci, āi, b̄i, c̄i are
equal to zero simultaneously, then the algebra G is the direct sum of
two factoring subalgebras for so(3)((λ)).

Another necessary condition for the sum of so(4)[[λ]] and G to be
direct is that the dimension of the vector space spanned over the vectors
Ei, [Ei, Ej], and [Ei, [Ej, Ek]] be equal to 9. The same condition
should be fulfilled for the generators Ē1, Ē2, Ē3. The corresponding
commutator relations coincide with the identities for the loop algebra
so(3)((λ)) obtained in [4]. Namely, the following statement is valid.

Proposition 2. Suppose G is a factoring subalgebra; then the following
relations are satisfied

(14)


 [E1, [E2, E3]]

[E3, [E1, E2]]
[E2, [E3, E1]]


 = A


 [E3, E1]

[E1, E2]
[E2, E3]


 + B


 E2

E3

E1



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and

(15)


 [E3, [E2, E3]] + [E1, [E1, E2]]

[E1, [E3, E1]] + [E2, [E2, E3]]
[E2, [E1, E2]] + [E3, [E3, E1]]


 =

C


 [E3, E1]

[E1, E2]
[E2, E3]


 + D


 E2

E3

E1


 ,

where A, B, C, and D are some matrices of the form

A =


 −u w 0

u 0 −v
0 −w v


 , B =


 −α β 0

α 0 −γ
0 −β γ


 ,(16)

C =


 x v −w

−v y u
w −u z


 , D =


 ε γ −β

−γ τ α
β −α δ


(17)

and u, v, w, x, y, z, α, β, γ, δ, τ , and ε are some numbers such that
the conditions trC = trD = 0 are satisfied. Moreover, there exist the
constants k1 and k2 such that

(18) k1A + k2B = 0, k1C + k2D = 0.

The analogous commutator relations link the generators Ē1, Ē2, Ē3:
one should put bars over all symbols in Eq. (14-18).

Now we recall a general construction from the paper [2]. Let

(19) L =
d

dη
+

∑
uiEi, M =

d

dξ
+

∑
viĒi.

Then the relation [L, M ] = 0 is equivalent to the system

(20) uξ = [u, v1c + v2a + v3b], vη = [v, u1c̄ + u2ā + u3b̄],

where u =
∑

uiei, v =
∑

viei. Indeed, the commutator [L, M ] lies
in G, and its asymptotic behaviour is Z/λ + O(1), while system (20)
is equivalent to the condition that the residue Z be equal to zero.
The algebra G does not contain non-zero Taylor series, therefore the
equation Z = 0 is equivalent to the condition [L, M ] = 0.

One easily checks that Eq. (20) can be rewritten in the form (2),
where

(21) S =




1
2
(a2 − b3 + c1) a3 −c3

b2
1
2
(−a2 + b3 + c1) c2

−b1 a1
1
2
(a2 + b3 − c1)




and S̄ is obtained by putting the bar over each symbol in the formula
above.

Within this paper, we assume that the matrices S and S̄ are diagonal,
which implies

a1 = ā1 = a3 = ā3 = b1 = b̄1 = b2 = b̄2 = c2 = c̄2 = c3 = c̄3 = 0.



6 O.V.EFIMOVSKAYA AND V.V.SOKOLOV

Then the matrices Λ and Λ̄ in Eq. (3) are

(22) Λ = diag(c1, a2, b3), Λ̄ = diag(c̄1 , ā2, b̄3).

We also assume that none of these matrices is zero, otherwise system (3)
becomes trivial.

One can check that in this case the structure of the generators (7),(8)
is of the form

(23) Ei =

(
qi ei 0
0 p̄i ei

)
, Ēi =

(
pi ei 0
0 q̄i ei

)
,

where qi and q̄i are some scalar Laurent series with the asymtotics
1/λ + O(1) and pi, p̄i are Taylor series.

Now we describe all factoring subalgebras with the generators given
by Eq. (23). Substituting Eq. (23) into commutation relations (11-15),
we get an overdetermined system of algebraic equations for qi, pi, q̄i,
p̄i. Quite obviously, the relations

u = ū = v = v̄ = w = w̄ = α = ᾱ = β = β̄ = γ = γ̄ = 0

are its compatibility conditions.
The system consists of the equations

(24)

c1q2 − q3p1 + b̄3p2 = 0,

a2q1 − q3p2 + b̄3p1 = 0,

b3q2 − q1p3 + c̄1p2 = 0,

c1q3 − q2p1 + ā2p3 = 0,

a2q3 − q1p2 + c̄1p3 = 0,

b3q1 − q2p3 + ā2p1 = 0,

(25)

y q1q2 − τ q3 + q2
1q3 − q2

2q3 = 0,

z q2q3 − δ q1 + q1q
2
2 − q1q

2
3 = 0,

x q1q3 − ε q2 + q2q
2
3 − q2

1q2 = 0,

(26)

ȳ p1p2 − τ̄ p3 + p2
1p3 − p2

2p3 = 0,

z̄ p2p3 − δ̄ p1 + p1p
2
2 − p1p

2
3 = 0,

x̄ p1p3 − ε̄ p2 + p2p
2
3 − p2

1p2 = 0.

There is also the system symmetric to (24-26) with bars over all sym-
bols.

¿From Eq. (24) and (25) it follows that

(27) p1 = c1 + O(λ), p2 = a2 + O(λ), p3 = b3 + O(λ),

q2
2 − q2

1 =
y

λ
+ O(1), q2

3 − q2
2 =

z

λ
+ O(1), q2

1 − q2
3 =

x

λ
+ O(1).

Excluding the unknowns q1, q2, q3 from Eq. (24), we obtain the equation

a2ā2(p
2
1 − p2

3) + b3b̄3(p
2
2 − p2

1) + c1c̄1(p
2
3 − p2

2) = 0,
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whence, by using Eq. (27),(22), we deduce that condition (4) is neces-
sary. Condition (5) is obtained if we start from the system symmetric
to Eq. (24). The equation

(28) p2
1(q

2
2 − q2

3) + p2
2(q

2
3 − q2

1) + p2
3(q

2
1 − q2

2) = 0

also follows from Eq. (24). Also, formulae (28) and (27) imply the
equation

c2
1z + a2

2x + b2
3y = 0.

Taking into account the condition x + y + z = 0, we conclude that
either the relation

(29) z = κ(a2
2 − b2

3), x = κ(b2
3 − c2

1), y = κ(c2
1 − a2

2)

holds for some κ, or the relation c2
1 = a2

2 = b2
3 is valid. The second case

corresponds to the unit matrix Λ (up to the transformations mentioned
in the introduction).

The unknows p1, p2, p3 are also found from system (24): they are

(30)

p1 =
c1q1q

2
2 + a2b̄3q2q3 + c̄1b3b̄3q1

q1q2q3 − c̄1ā2b̄3

,

p2 =
a2q2q2

3 + b3c̄1q1q3 + ā2c1c̄1q2

q1q2q3 − c̄1ā2b̄3

,

p3 =
b3q3q2

1 + c1ā2q1q2 + b̄3a2ā2q3

q1q2q3 − c̄1ā2b̄3

.

The denominators in these expressions are nonzero due to Eq. (27).
One can check that the other three equations in system (24) are equiv-
alent to the relations

c1z = a2b̄3 − ā2b3, a2x = b3c̄1 − b̄3c1, b3y = c1ā2 − c̄1a2,(31)

c1δ = c̄1(a2ā2 − b3b̄3), a2ε = ā2(b3b̄3 − c1c̄1), b3τ = b̄3(c1c̄1 − a2ā2),

(32)

since equations (25) hold.
Now we consider system (25). Taking into account the condition

x + y + z = ε + δ + τ = 0, from Eq. (25) we get

δq2
1 + εq2

2 + τq2
3 = 0, zq2

2q
2
3 + xq2

1q
2
3 + yq2

1q
2
2 = 0.

Three cases follow from these relations and the second condition in
Eq. (18). Namely, either we obtain the equality x = y = z = 0, or the
equation ε = δ = τ = 0 holds, or, finally, two series among q1, q2, and
q3 coincide. In the last case, we put q2 = q1 without loss of generality;
then we also conclude that either τ = y = 0 or q3 = q1.

Case 1. Consider the case x = y = z = 0. In addition, suppose
that qi �= qj for any i �= j (unless we get Case 3). System (25) acquires
the form

q2
2 − q2

3 = δ, q2
3 − q2

1 = ε, q2
1 − q2

2 = τ.
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¿From Eq. (31) and (32) it follows that the relations

c̄1 = kc1, ā2 = ka2, b̄3 = kb3,

δ = k2(a2
2 − b2

3), ε = k2(b2
3 − c2

1), τ = k2(c2
1 − a2

2)

hold. Here k is a nonzero parameter which can be eliminated from
system (3) by a scaling of the independent variable η. The parameter λ
in the factoring subalgebra problem is defined up to the change

(33) λ �→ λ + k2λ
2 + k3λ

3 + · · · ,

therefore, without loss of generality, we assume that the conditions

q2
1 − k2c2

1 = q2
2 − k2a2

2 = q2
3 − k2b2

3 =
1

λ2

are fulfilled. We finally have

q1 =

√
1 + k2c2

1λ
2

λ
, q2 =

√
1 + k2a2

2λ
2

λ
, q3 =

√
1 + k2b2

3λ
2

λ
,

p1 = c1

√
1 + k2a2

2λ
2

√
1 + k2b2

3λ
2 + ka2b3λ

√
1 + k2c2

1λ
2,

p2 = a2

√
1 + k2c2

1λ
2

√
1 + k2b2

3λ
2 + kc1b3λ

√
1 + k2a2

2λ
2,

p3 = b3

√
1 + k2c2

1λ
2

√
1 + k2a2

2λ
2 + kc1a2λ

√
1 + k2b2

3λ
2.

The formulae for the functions q̄i, p̄i are similar.
Now we consider the upper block in the equation [L, M ] = 0 for the

operators L and M , which are given in Eq. (19), and obtain the Lax
operators

(34) L =
d

dη
+

3∑
i=1

uiqiei, M =
d

dξ
+

3∑
i=1

vipiei

for Cherednik’s model. Here the coefficients belong to so(3). The lower
block defines another Lax pair which is completely analogous.

Case 2. Consider the case ε = δ = τ = 0; assume that qi �= qj for
any i �= j. Taking into account Eq. (29), we rewrite system (25) in the
form

q1q2

q3

− κb2
3 =

q1q3

q2

− κa2
2 =

q2q3

q1

− κc2
1 =

1

λ
,

whence we get

q1 =

√
1 + κa2

2λ
√

1 + κb2
3λ

λ
, q2 =

√
1 + κc2

1λ
√

1 + κb2
3λ

λ
,

q3 =

√
1 + κc2

1λ
√

1 + κa2
2λ

λ
,

p1 = c1λq1, p2 = a2λq2, p3 = b3λq3,

c1c̄1 = a2ā2 = b3b̄3 = κc1a2b3.
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One can easily obtain analogous expressions that define the functions
q̄i, p̄i.

Case 3a. Consider the case q1 = q2 and assume τ = y = 0. ¿From
Eq. (28) it follows that p2

1 = p2
2, and Eq. (27) implies the condition

c2
1 = a2

2. Also, from Eq. (24) we easily get c̄2
1 = ā2

2. Consider the case
p2 = p1, c1 = a2, c̄1 = ā2. By definition, put c̄1 = tc1 and k = b̄3 + b3t,
where k and t are arbitrary constants; further on, we define λ from the
equation

q2
1 − c̄2

1 =
1

λ2
.

Then, the solution is

q1 = q2 =

√
1 + t2c2

1λ
2

λ
, q3 =

√
4 + k2λ2

2λ
+

k

2
− b3t,

p1 = p2 =
1

2
c1 (kλ +

√
4 + k2λ2)

√
1 + t2c2

1λ
2,

p3 = b3 +
1

2
tc2

1λ (kλ +
√

4 + k2λ2).

The Lax pair (19), (23) assigned to this solution is one of the main
results of the present paper. The constants t and k look a bit artificial;
they are introduced in order to absorb the degenerate case which is
considered below. The case p2 = −p1 is treated quite analogously and
results in the same system (3).

Case 3b. Let the relation q1 = q2 = q3 hold. ¿From Eq. (25) we
obviously get x = y = z = δ = ε = τ = 0. Also, from Eq. (24) we
obtain

(35) (p1, p2, p3) = t (c1, a2, b3),

where t is a Taylor series in λ.
The terms a2, b3, c1 do not equal zero simultaneously; consequently,

the constant term t0 of the series t is also nontrivial and the relation

(36) (c̄1, ā2, b̄3) = t0 (c1, a2, b3)

holds. By using Eq. (35), from Eq. (24) we obtain the equations

(c2
1 − a2

2)(1 − t) = 0, (b2
3 − a2

2)(1 − t) = 0, (c2
1 − b2

3)(1 − t) = 0.

Clearly enough, either all pi are constants or a2
2 = b2

3 = c2
1. In the first

case, without loss of generality we assume that a2 = c1 = ā2 = c̄1 =
p1 = p2 = 0. The final result is

q1 = q2 = q3 =
1

λ
, p1 = p2 = 0, p3 = b3.

We finally note that these formulae are a particular subcase within
Case 3a if we put c1 = 0.
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In the second case, suppose that c1 = a2 = b3. Then Eq. (36) implies
c̄1 = ā2 = b̄3, and therefore p1 = p2 = p3. The solution

qi =
1

λ
+ c̄1, pi = c1(1 + c̄1λ)

is absorbed in Case 2 if κ = 1/c̄1 and c1 = b3 = a2.
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