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On Ricci flat metrics possessing non-trivial Conformal Killing Algebras

ROSSELLA PISCOPO

In Memory of Prof. G. Rotondaro.

ABSTRACT. We prove that a non-trivial conformal Killing algebra with bidimensional
orbits of a 4—dimensional pseudo-Riemannian manifold is isomorphic to the Rotondaro
algebra either of dimension 3, or of 4.

We also give an exact description of Ricci flat 4-metrics that admit a non-trivial
Conformal Killing algebra with bidimensional orbits.

1. INTRODUCTION.

In this paper our aim is to clarify some natural links between Lie algebras of Killing
vector fields and Lie algebras of conformal Killing vector fields of a given pseudo-
Riemannian metric g.

Conformal Killing algebras were less studied in literature than Killing ones. This
concerns both the theory and applications. Originally our interest for such algebras
was motivated by some questions in General Relativity. One of them was: would it be
possible to find new reductions and, therefore, new exact solutions of vacuum Einstein
equations by extending to conformal Killing algebras the approach of the papers [11],
[13], [14] .

Below the Lie algebra of all conformal Killing field (respectively, Killing fields) of a
metric ¢ is denoted by Conf(g) (respectively Rill(g)) and the term conformal Killing
algebra (respectively Killing algebra) refers to a sub-algebra G C Conf(g) (respectively
L C Rill(g)).

If £ is a Killing algebra of a metric g, then, obviously, £ is a conformal Killing algebra
for any metric g = A\g, A being a nowhere vanishing function, i.e.,

L C Rill(g) = L C Conf(Ag)

This remark gives a simple way of constructing conformal Killing algebras and it is
natural to call such algebras trivial. So, the problem we are interested in is what are
non-trivial conformal Killing algebras.

In the first part of the article we answer this question for algebras on 4—dimensional
pseudo-Riemannian manifolds with orbits of dimension non greater than two . We
were interested in this special case in view of some applications to General Relativity.
The obtained result is somehow surprising. Namely, it turns out that in dimension 4
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there exist only two non-equivalent types of non-trivial conformal Killing algebras with
2—dimensional orbits and they are isomorphic to one of Rotondaro’s algebra J3 or J,.

The second part of the paper is dedicated to finding of all 4—dimensional Ricci flat
metrics admitting a nontrivial conformal Killing algebra with bidimensional orbits. We
show that such a metric is essentially unique and corresponds to the conform Killing
algebra isomorphic to J,. Moreover, it is Klenian and belongs to the class of metrics
studied in [11].

Notations and Conventions

e All objects are assumed to be smooth; (M, g) stands for an n dimensional pseudo-
Riemannian manifold;

e By a metric (pseudo-metric) g we refers to a non-degenerate symmetric (0, 2) tensor
field of arbitrary signature;

e The C*° (M) —module of vector fields is denoted by D (M) . The Lie derivative along
a vector field X € D (M) is denoted by Lx and coordinate vector fields of a local
chart z1,..,x, by O, ..,0,, . We use ” " for the insertion of a field Y € D (M) into a
covariant tensor, for instance, Y .g.

e The distribution spanned by vector fields belonging to the conformal Killing algebra
in question is denoted by D.

e Integral submanifolds of D are called Killing orbits or simply orbits.

e Ay and H¥ stands for the Laplacian and the Hessian of a function ¢, respectively.

e We wuse the adjective ”(in)dependent” for C*° (M) —(in)dependent and
"R—(in)dependent” for (in)dependent over reals.

2. PRELIMINARIES.

In this section the necessary general facts are collected.

Lemma 1. Let X be a vector field on M. If f € C*>® (M), then the following formula
holds:

Lix (9) = fLx (9) + X g - df, (2.1)
where the dot 7.7 denotes the symmetric product of two differential 1-forms

Proof. Straightforward from the well-known formula:
YA\ BeD(M).n
It follows immediately from (4.1) that:

Lemma 2. Let 0 # X € D(M), f € C®(M). If X and fX are Killing fields of a
metric g, then f is constant.

If dim M > 3 lemma 2 remains valid for Conformal Killing algebras



On Ricci flat metrics possessing non-trivial Conformal Killing Algebras 3

Lemma 3. Let 0 # X € D(M),f € C*(M). If X and fX are conformal Killing
vector fields of a metric g, then f is constant.

Proof. Let Ly (g) = 20g and Lsx (g) = 2Ag. Then in view of (2.1)
Lyx(9) = fLx (9) +df - Xog = 2fog +df - Xog.
S0,
df - X.g=2(\— fo)g. (2.2)

Since rank (¢g) > 3 and rank (df - X 1g) < 2, (2.2) holds iff A = fo and df - X g = 0.
But X g # 0 and hence df = 0. 1

Lemma 4. Let X, Y and a X +5Y, o, € C™ (M) be Killing fields of a metric g. Then

(1) if X and Y are R—independent, then either o and (3 are functionally indepen-
dent, or o and 3 are constant;
(2) if X,Y and aX + BY are R—independent, then o and (3 are functionally inde-

pendent, and there exists a non vanishing smooth function x on M such that
X g = xdp, Y .19 = —xda

Proof. See [11]. 1

The following is obvious

Lemma 5. If £ is a Killing algebra of a metric g, then it is a conformal Killing algebra
for any metric g = \g.

Definition 1. Let G be a conformal Killing algebra of a metric g on a manifold M. G
is called trivial if G C Rill(g) for a conformal metric g i.e., g = A\g, A € C°(M).

In the second section we shall need a result concerning the existence of (local) solu-
tions of a first order overdetermined system of the form

Ji=0

fr=0
with f; € > (J'(M)) and ¢y, ..., c, € R.
Recall that the manifold J! (M) (see [9]) of 1-jets of smooth functions on M possesses
a canonical contact structure. A contact field X € D(J*(M)) is uniquely determined by
the function f = X ,U; where Ujis a canonical 1—form on J! (M) whose local expression
is Uy = du—>Y_1" | pidx;, with o', ... 2" u,p1,...,p, being standard jet coordinates on
JY(M). The function f is called the generating function of X and we put X = X;.

(2.3)

Definition 2. The generating function of the contact field [ Xy, X}] is denoted by
{f,h} and called the Jacobi bracket of f and g. (see [9]).
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In other words,
(X7, Xnl = Xpny,  {fh} = [Xy, X ]oUL
Moreover,
{fih}y =Xy (h) = Xy (f) I

Locally X; = 82
U

Proposition 1. If the ideal generated by fi,..., f, is closed with respect to the Jacobi
bracket, the system (2.3) admits solution. (see [9]).
3. FREE CONFORMAL KILLING ALGEBRAS.
Definition 3. A Killing algebra L (resp., conformal Killing algebra) is called free if
X, =0 X=0
for a generic pointp e M and X € L.

In other words, a k£ dimensional Conformal Killing algebra is free if its generic orbits
are k—dimensional.

Proposition 2. A free conformal Killing algebra is locally trivial.

Proof. Let G be a free conformal Killing algebra for a metric g, (X;),.; a basis of G and
(cfj),-J,keI the corresponding structure constants, i.e., [X;, X;| = cijk. Then
Lx, (9) =2p;9, pi€C® (M), i€l (3.1)
and
[LXH LX]‘} (5) = L[Xi,Xj} (5) = ijLXk (g) = 2Ci€]pk§7 for any 7’7.] €l
On the other hand, it follows from (3.1) that
[LxiLx,] (@) = 2Xi(p;) 9+ 2p;Lx, (9) —2X; (p:) 9 — 2piLx;, (9)
= 2(X;(pj) = X;(pi)) g

and, therefore,

Xi (pj) = X; (pi) = i (32)
Assume, now, that X;’s are Killing fields for a metric ¢ = A\g. This is equivalent to

0
If X; = afa—, then the system (3.3) reads
L
L O\

a; =— 42 p; =0, i€l
8:@
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Relations (3.3) form a first order over-determined system of a PDE’s imposed on A and
one sees that it is a system of type (2.3) with f; = a¥py+2up; with (21, .., 2., u, p1, .., D)
being the standard jet coordinates in J'M. If ¢ is a solution of (3.3), then

(X, X1 (0) = Xi(X;(p)) = X; (Xi(p)) =
= —20;X; (0) = 20X (pj) + 20X (p:) + 2p:X; ()
20 (X (pi) = Xi(ps)). 1,5l (3.4)
Hence the compatibility condition for (3.3) are
[Xi, X5] (A) = 2A (X (pi) — Xi (py))
In view of (3.2) and commutation relations for fields X;’s the above relations can be
rewritten in the form
cijk (A + Qijpk)\ =0
As it easy to see, these conditions are equivalent to the fact that {f;, f;} = 0 on

the submanifold {f; =0, i =1,..,dimG} C J'M. In other words, the hypothesis of
Proposition 1 for (3.3) and hence this system possesses solution. §

Corollary 1. The dimension of a non-trivial conformal Killing algebra is strictly greater
than the dimension of its generic orbits.

As an immediate consequence of Proposition 2 we see that any 1—dimensional con-
formal Killing algebra is trivial.

Proposition 3. Let G be a conformal Killing algebra with 1—dimensional orbits on a
manifold M, dim M > 3. Then dimG = 1 and hence G is trivial.

Proof. Let 0 # X € G CConf(g). Then, according to the above remark, X € Rill(g)
for a metric g = A\g. f Y € G, then Y = fX, f € C* (M), and Y € Conf(g), i.e.
Lix (9) =209, 0 € C*(M). Now, formula (2.1) gives

Lyx (9) = X g - df = 20g.

But X g - df is a tensor of rank < 2 if df # 0, while rank (¢) = dim M > 3. Hence,
0c=0,df =0= fis a constant. I

Thus non-trivial conformal Killing algebras must have orbits of dimension greater
then 2. Below we shall describe all such algebras with bidimensional orbits. According
to Proposition 2 their dimension is greater than 2.

4. NON-FREE CONFORMAL KILLING ALGEBRAS WITH BIDIMENSIONAL ORBITS

In this section we assume that G is a k—dimensional conformal Killing algebra of a
metric g with 2—dimensional orbits and dim M > 3. Let D be the distribution generated
by G. Then, according to Preposition 2, k > 2.
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Consider the fields X,Y € G generating D and another field Z € G. Then Z =
aX + BY for some «, f € C*°(M). By assumption

LZ (g) = 2p§> LX(g) = 20@7, LY(?) = 27—§ (41)

for some p, 0,7 € C* (M).
According to formula (2.1) applied Z = aX + Y, the first of equalities (4.1) becomes

Xig-da+Y.g-df=wg (4.2)
with w = 2(p — ao — 7).

Lemma 6. i) If w # 0, then 3 < dim M <4 and g is indefinite if dim M = 3, while it
is of signature (2,2) (Klenian metric) if dim M = 4.
1) If w =0, then the differentials do, df are independent.

Proof. i) Let w # 0. Note that the rank of the symmetric tensor X 1 (9)-da+Y 1 (g)-dp
is non greater than 4. On the other hand, the rank of g is equal to dim M > 3. Hence,
3 < dimM < 4 and rank(g) = dim M = 4 iff the 1—forms X g, da, Y g, df are
independent. Otherwise, these forms are dependent and dim M = 3. In this case, a
metric of the form (4.2) is indefinite.

i1) Let w = 0. Then X, (g) - da+ Y 4(g) - df = 0 and by lemma 4

Y.i(9) = —Mda oo
{X_:@)Z)\dﬂ , 0#XeC™ (M) (4.3)

Since X 4 (g) and Y 4 (g) are independent, da and df are independent as well. §

In what follows we shall limit our discussion to 4—dimensional manifolds, having in
mind some physical applications. The 3-dimensional will be discussed separately.

4.1. 4—dimensional pseudo-Riemannian Manifolds. Let (M, g) be a 4—fold pos-
sessing a conformal Killing algebra with bidimensional orbits. Let XY and Z be as
above. If the function w = wy in (4.2) differs from zero, then 1—forms X ig, Y g, da
and df are independent and we get relations

g(X, X)=0 g(¥,Y)=0
9(X,Y)=0 g(X,Y)=0
X(@B)=0 7 Y(e)=0
X (o) = 2wy Y (8) = 2wy

(4.4)

by inserting fields X and Y into (4.2) subsequently.
In particular, (4.4) show that g vanishes when restricted to an orbit of G.
Moreover, in view of (4.4), vector fields X, Y, Z commute as follows

X, Z] =2w; X + B[X,Y]
{ Y, Z] = 2wzY — a[X,Y]
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The following proposition shows that the generators of the tangent distribution D spans
a bidimensional sub-algebra .

Proposition 4. Let g be a metric on a manifold M, dimM = 4, and G C
Conf(g), dimG = k. Assume that generic orbits of G are bidimensional. If XY € G
generate the tangent, to the orbits of G, distribution, then X and Y span a sub-algebra.

Proof. Suppose X,Y do not span a subalgebra, so that [X,Y] = aX + Y, with non
simultaneously constant smooth functions«, 3 on M. Specify previous considerations
to the field Z = [X,Y] by putting w = wxy] and analyze, separately, cases w # 0 and
w = 0. In this case (4.5) gives

(X, [X,Y]] = (2w + Ba)X + f2Y p
{ YV, [X,Y]] = (2w — aB)Y — a?X (4.6)

where w is defined as in (4.2).

a. Suppose w # 0.
According to (4.6) the fields [ X, [X, Y]] and [V, [X, Y]] are functional combination of
X and Y. So, relation (4.2) takes place for each of them with wy = wix xy] and
Wy = Wy,[x,y]), Tespectively.

o If w; # 0, ws # 0. Then, one of relations (4.4) for the field [X,[X, Y]] gives
Y (2w + aff) = 0 and similarly, for the field [Y, [X, Y]] one gets give X (2w — af3) = 0.
In view of (4.4) for Z = [X, Y] these relation are equivalent to

YV (w)=—aw, X (w)=/w.

Now one sees that X (Y (w)) = —2w? — affw and Y (X (w)) = 2w? — affw and hence
[X,Y] (w) = —4w?. On the other hand, [X,Y] (w) = aX (w) + BY (w) = 0. So, w =0
contradicts the assumption.

e If w; =0, then, according to Lemma 6,

d (2w + fa) = =AY L (g) N
{d(ﬁ2)=>\XJ(§) ., 0#£XeC™(M).

By inserting Y into the second equation, one gets
20Y (B) = g (X,Y)

Since w # 0, in virtue of (4.4) one has g (X,Y) =0 and Y () = 2w. Hence,
28Y (B) = 4w =0

So, = 0 and formula (4.2) becomes X 1§ - da = wg. But X ig - da is a tensor of rank
< 2if da # 0, while rank (¢) = dim M = 4. Hence, the contradiction w = 0, o constant.
Similarly, one proves that wy # 0.
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b. Suppose w = 0 and pay attention to
{ (X, (X, Y]] = (X (@) + Ba) X + (X (B) + 52 Y
Y [X Y]] = (Y (8) —aB)Y + (Y (a) —a?) X

Consider relation (4.2) for [X, [X,Y]], [V, [X, Y]], presented functional combinations of
fields X and Y according to (4.7). As before, we put wi = wiy [x,y) and ws = wyy,[x,v)-

(4.7)

e Let one of w;’s, say wy, be different from zero. Then, in view of (4.4) for Z =
X,[X,Y], §(%,Y) = §(X,Y) = §(X,X) = 0 and (4.3) implies X (a) = X () —
Y(B)=Y (a)=0.

On the other hand, relations (4.4) for Z = [X,[X, Y]] together with the fact that
X(aB) =Y (8% =0, shows that w; = 0 in contradiction with the assumption.

Similarly, we get the same result for w; =0, ws # 0.
o Let w; = wy = 0.

Since w = 0, (4.3) holds and implies

X(a)+Y (5)=0 (4.8)

Relations (4.3), for fields Z = [ X, [X, Y]], Z = [Y, [X,Y]] in view of (4.7), gives

X (a) +d(af) = —eY 1 (9)
()+dﬁ2—eXJ() 0+£eeC®(M)
Y(a)—da®=—6Y1(5) = 0#6€C>®(M)
Y () — daﬁ §X(3)

Now, by summing up the first and the fourth of the above equations and using (4.8) we
get
0X1(g9) —eYa(g) =0.

So 0 = ¢ = 0 in contradiction with Lemma 4. g

Hence, the conformal Killing algebra G is such that each its bidimensional subspace
is a sub-algebra. Lie algebras possessing this property can be explicitly described.

Theorem 1. If G is an n—dimensional Lie algebra over a field k whose 2— dimensional
subspaces are all subalgebras, then G is isomorphic either to the abelian algebra A, or
to

J,={(e1,..,en:lei,e;] =0, 0,7 <n—1, [en,e;] =€, 1 <n—1)

Proof. Obviously, any subspace V' C |G| is a subalgebra. The proof will be by induction
onn > 3.

First, consider dim G = n = 3. If all 2 subspaces are abelian, then G itself is abelian.
Assume that at least one of the subspaces is not abelian. Choose a base in it, say, {e, h},
such that [e, h] = h and complete it to a base (e, h, f), f € |G| in |G| . Since span {h, f}
is a subalgebra, then [h, f] = ph+ qf, p,q € k, and, similarly, le, f] = re+sf, r,s € k.
The Jacobi Identity for the triple e, h, f gives

qf —(qr)e+(sp—r)h=0%q=0, r=ps
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So,
[h, f] = ph, le, f] = s(pe+ [),
Next, the subspace V' = span (e, h + f) is a subalgebra. So, the commutator

le,h+ fl=spe+h+sf=spe+ (h+f)+(s—1)f

belongs to V' as well. This implies that (s —1) f € V < s =1, i.e, [e, f] = pe + f.
Also [h,pe + f] = 0. By putting

e1 =h, ea=pe+ f, e3 =e.

one gets the result, i.e. the initial step of the induction is proved.

Assume the result for all (n — 1)-dimensional algebras and prove it for an n-
dimensional algebra G. If any (n — 1)-dimensional subspace of G is abelian, then G
is, obviously, abelian. Assume that V' C G, dimV = n — 1 is not abelian, therefore,
isomorphic to J,_1. Let V' C V be the support of the derived (abelian) subalgebra
of V and e € V be such that ad.|,» = Idy,. Consider a subspace W C |G| such that
dimW = (n—1),e € W and W # V. Note that |G| = span {V, W} and that VN is
an (n — 2) —dimensional subalgebra. Since e € VNW, codim (V' N W) in VNW is equal
to 1 and, therefore, dim (V' N W) = n — 3 > 1. Obviously, ad.|y:nw = Idyw; there-
fore, V- N W is non-abelian and, by induction, is isomorphic to J,,_5. This implies that
W is a non-abelian subalgebra in G and, as such, is isomorphic to J,,_;. Denote by W’
its “abelian” subspace, dim W' = n — 2, and note that V' NW C W’. Indeed, W' is the
eigenspace of ad, |y corresponding to the eigenvalue 1. So, dim (V' +W') =n — 1 and
ade|yrowr = Idyyw. It remains to prove that V' + W' is abelian. Let z,y € V' + W".
Consider the subalgebra 3 = span {z,y,e}. Since dim 3 < 3 < n, by induction hypoth-
esis, (0 is isomorphic to J,,s < 3. As it is easy to see, the eigenspace of ad,,v € T,
corresponding to the eigenvalue 1 coincides with span {es, ..., e5_1 }, which is the unique
abelian subalgebra of J,. But elements x,y € [ belong to such eigenspace of ad,|z. So

[z,y] =0. 8
Definition 4. The Lie algebra J,, is called the n—dimensional Rotondaro algebra.

Remark 1. Observe that any (n — 1)—dimensional subspace V in |J,| is a subal-
gebra in T, isomorphic to J,—y if V. # |3 |. In particular, T, is the only abelian
(n — 1)—dimensional subalgebra of J,,.

According to the above results and to Proposition 2 we see that

Lemma 7. Let XY € G be generators of the distribution D. Then, there exists a
metric g such that g = \g for which X and Y are Killing fields.

Consider, now, R—independent vector fields X, Y € G generating the distribution D.
According to the previous Lemma, there exisists a metric g, defined as above, for which
X, Y are Killing vector fields. Since, by hypothesis, the conformal Killing algebra G
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is not trivial, there exists, at least, a field Z = aX + Y, o, 5 € C°°(M), such that
Lz (g9) =2pg, p# 0. Now, the formula (4.2) still holds for the metric g

Xag-da+Y.lg-dB = 2pg. (4.9)

In this case w = 2p # 0.
Lemma 8. The non-trivial conformal Killing algebra G is not abelian.

Proof. Let X,Y,Z € G, defined as above. Suppose G abelian. Then [X,Y] = 0 and,
according to (4.5),

0=[X,7] =2wX,

{ 0= [V 7= 2y, (4.10)

So, w = 0 which is contradictory.

Lemma 9. Let G be a conformal Killing algebra of a metric g with bidimensional orbits
. Then 3 <dimg <4

Proof. According to the Theorem 1, the conformal Killing algebra G is isomorphic to
J,. Assume dimG > 4, then there exists at least 5—dimensional subspace V in |G].
According to Remark 1, V' is abelian or isomorphic to J5. In both cases, G would possess
an abelian subalgebra of dimension greater than 3.According to Lemma 8, this conform
Killing algebra is trivial, i.e., it is a Killing algebra for a metric g. But this is impossible
since, according to a result of [12], abelian Killing algebras with bidimensional orbits
can not be of dimension > 3. §

Summing up the previous results we have proved that a non trivial conformal Killing
algebra is isomorphic to the 3 or 4-dimensional Rotondaro algebra. Moreover, in the
next section, we shall give some examples of metrics that admit J3 and J, as conformal
Killing algebra. Hence, the following theorem has been proved:

Theorem 2. Let g be a metric on a 4 dimensional manifold and G be a non-trivial
conformal Killing algebra for g with bidimensional orbits. Then, G is isomorphic either
to Js, to Jy. Moreover, there exists a metric g such that g = Ag, \ € C*> (M), for which
the maximal abelian ideal of G is a Killing algebra.

5. RiICCI FLAT 4—METRICS.

Let g and ¢ defined as in Theorem 2. The aim of this section is to find all Ricci-
flat metrics g that allow either J3 or J,; as non-trivial conformal Killing algebra with
bidimensional orbits. According to Theorem 2 the metric g admits either A, or A3 as
its Killing algebra with bidimensional orbits and, moreover, ¢ is Klenian and vanishes
along these orbits. As it was shown in [11], Prop. 4, any such metric in a suitable local
chart (z,y,u,v) is of the form

g = 2dxzdu + 2adxdv + 2bdydv + rdu® + 2pdudv + gdv® (5.1)
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with a, b, , p, ¢ being arbitrary function in (u,v).
Fields X = 0,,Y = 0, generate the Killing algebra isomorphic to A;, for this metric. If,
additionally, metrics (5.1) admits a Killing algebra isomorphic to A3 that extends the
algebra, then A; = ({0,,0,,v0, +n(u,v)d,}), with n, # 0, the metric has the form
(5.1) where

a= @, b= 1

T U
(see [11], Corollary 3).
It is useful to observe that transformations

T=x—"(u,v) rT==x

o g:y—é(u,v) ; 7l 47Y (5.2)
u=1u U=1u
v=v v =h(v)

preserve the form of the metric (5.1).

5.1. Ricci-flat metrics admitting J; or J; as a Conformal Killing Algebra.
Apply the results of the previous section to X = 0,, Y =0, and Z = aX + 3Y,, 8 €
C> (M) . First, from commutation relations [Z, X] = X, [Z,Y] = Y one immediately
finds that
a=—-x+pu(uv), pf=-y+v(uv).

Now, transformation o of (5.2), with v(u,v) = p (u,v), d(u,v) = v (u,v) leads to the
chart {7 =2 — p(u,v), y =y —v(u,v), u =u, v =v} in which X =0;, Y =0, Z =
—20; —y0y, ie, a = =7, B = —y.
Now, by inserting X = 03, Y = 0y, « = —dz, f = —dy in (4.9) one easily finds that
w=—1and

g = eXP@I80) (94 dn + 2a (T, V)dTdv + 2b(t, D) dydv) (5.3)
Thus our problem is reduced to description of Ricci-flat metrics of the form (5.3). This
is equivalent to solve the system of differential equations Ric = 0, Ric being the Ricci
tensor of g, with respect to the unknown functions ¢, a,b. It is easy to verify that the
Ricci tensor of the metric

g = 2d%da + 2a(@, 7)dEdv + 2b(T, ) dydv

has only three eventually nonvanishing components, namely, Ricss, Riczs, Ricys. By this
reason the following relation (see [1])

Ric = Ric — 2H? + 2dp @ dp + (Ap — 2||grady|]®) g (5.4)
where H?, Ap are the Hessian and the Laplacian of the function ¢ respectively, is useful

for further computations.

Among the equations ]f%\i/cij = 0 the simplest are those with (i,j) =
(1,1),(1,2),(1,4),(2,2) and (2,3). It is not difficult to deduce from them that ¢
depends only on u and .
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Now a direct computation, based on (5.4), shows that the only non-zero identically

coefficients of Ric are RZng, R2634, ch44 The corresponding equations chm = 0 can be
explicitly solved by a routine procedure and one gets:

F(?) / 2 di

(/F('ﬁ)d,ﬁ_c) /262@(2@ i

a=e | G@) -

2
b=e2°F (0)

Observe, now, that transformation 7 of (5.2), with 7 = h (v) = / v) dv, brings g to

the form

o ®
G = ovpdzan+2 | S0 + &, | dzdv + 2dydv;
F (v) (v )
S-C

with ® (u,7) = / e??du. A further simplification one obtains by passing to the adapted
y

chart {z =27, y=2y, u=1u, v =7—2C, } and putting f(v) = ?EE;, v =9 +
v
/ £ @) 5db + o1
0 ’
~ SR 20
g = Vgadrdu + <\Ila T) dxdv + dydv (5.5)
v
and after that to {T=2, y=7, u=V(4,0), 0 =10}, :
g = drdu — =dzdv + dydv (5.6)
v

This proves the following

Proposition 5. A Ricci-flat metric admitting J3 as its Conform Killing algebra is
locally equivalent to metric (5.6).

An interesting feature of metric (5.6) is that it allows a lager Conform Killing algebra
with bidimensional orbits than the originally assumed 3-dimensional one. By theorem
2 this algebra is, inevitably, isomorphic to J4 and is spanned, as a direct computation
shows, by fields,

P
S|
sﬁ’

$Tp SOt 0y

ST
S]]
=[] =

Hence, we have proved that
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Proposition 6. If a Ricci-flat metric admits a nontrivial conform Killing algebra with
bidimensional orbits, then such an algebra extends to a conform Killing algebra with
bidimensional orbits isomorphic to J4 .

For completeness it is worth mentioning that the algebra Conf(g), for metric (5.6) is
spanned by fields

Symmetries of the metric g Conformal Term
L 0 w=~0
2. 8@ w=2~0
3. v o= w=0
4. iy—l-%ﬂ w=2~0
1 pu—
2 5§+_ﬂ28§ w=0
v_ v_
6. —yo5+vd; w=20
8. gf+ga§_gﬂ_a% w=0
C
Y uy u U
9. %f—’_?y_?ﬂ_%@%a w=20
—3 = _
J 1_— YU — 2UTU T
10. =T 0=+ ~Tyo0- VT —0
2" m+2 v y+< o2 ) TR % W
—2 _
_ 2 o 9
11, §05 — =0 — s "
! N
U 7 — Tu — — 27U
12. T5os +7 05+ @_2%>85_W3% w="""
v
13. 2000~ + 005 W= 9T
14, (<77 + 27w 0 + 70 P
15. 0, + s oot

It is clear that the first 10 fields span the Killing algebra of the metric g,
Rill (g) C Conf (g).

Obviously, the algebra Rill(g) (and therefore, Conf(g)) acts transitively on M
and metric (5.6) can be realized globally as an invariant metric on the homogeneous
space of the corresponding Lie group.
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