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t. We de�ne partial di�erential (PD in the following), i.e., �eld theoreti
,analogues of hamiltonian systems on abstra
t symple
ti
 manifolds and study theirmain properties, namely, PD-Hamilton equations, PD-Noether theorem, PD-Poissonbra
ket, et
.. Unlike in standard multisymple
ti
 approa
h to hamiltonian �eld theory,in our formalism the geometri
 stru
ture (kinemati
s) and the dynami
al informationon the �phase spa
e� appear as just di�erent 
omponents of one single geometri
 obje
t.Introdu
tionFirst order lagrangian me
hani
s 
an be naturally generalized to higher order la-grangian �eld theory. Moreover, the latter 
an be presented in a very elegant andpre
ise algebro-geometri
 fashion [1℄. In parti
ular, it is 
lear what all the involvedgeometri
 stru
tures (higher order jets, Cartan distribution, C -spe
tral sequen
e, et
.,[1, 2℄) are. On the other hand it seems to be quite hard to understand what the most�reasonable, unambiguous, higher order, �eld theoreti
 generalization� of hamiltonianme
hani
s on abstra
t symple
ti
 manifolds is. A
tually, there exists a universallya

epted generalization of the standard me
hani
al pi
turelagrangian me
hani
s on TQ =⇒ hamiltonian me
hani
s on T ∗Q,
Q being a smooth manifold, to the pi
turelagrangian �eld theory on J1π =⇒ hamiltonian �eld theory on Mπ, (1)
π being a �ber bundle, J1π its �rst jet spa
e and Mπ its multimomentum spa
e [3℄(see also [4℄ for a re
ent review). Pi
ture (1) in
ludes, in parti
ular, a generalizationof the Legendre transform. Along this path an analogous stru
ture of the symple
ti
stru
ture on T ∗Q, whi
h has been named the multisymple
ti
 stru
ture of Mπ (see,for instan
e, [5℄), has been dis
overed. A whole literature exists about properties ofsu
h stru
ture, whi
h is generi
ally referred to as multisymple
ti
 geometry of Mπ (seereferen
es in [4℄). In parti
ular, e�orts were made to �nd multisymple
ti
 analogues ofall properties of T ∗Q (in
luding, for instan
e, the Poisson bra
ket [6, 7, 8, 9, 10℄). Now,it is natural to wonder if it is possible to reasonably further generalize in two di�erentdire
tions. The �rst one is towards a pi
turelagrangian �eld theory on J∞π =⇒ higher order hamiltonian �eld theory, (2)2000 Mathemati
s Subje
t Classi�
ation. 53C80, 70S05.Key words and phrases. Field Theory, Multisymple
ti
 Geometry, Hamiltonian Systems.1
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2 L. VITAGLIANO
J∞π being the ∞th jet spa
e of π, in
luding a higher order generalization of the Le-gendre transform. There is no universally a

epted answer about pi
ture (2) (see, forinstan
e, [11, 12, 13, 14, 15, 16, 17, 18℄ and referen
es therein). Most often they involvethe 
hoi
e of some extra stru
ture other than the natural ones on J∞π. Re
ently, weproposed in [19℄ an answer that is free from su
h ambiguities.The se
ond dire
tion in whi
h to generalize pi
ture (1) 
an be illustrated as fol-lows. T ∗Q is just a very spe
ial example of (pre)symple
ti
 manifold. A
tually hamil-tonian me
hani
s 
an be (and should, in some 
ases [20℄) formulated on abstra
t(pre)symple
ti
 manifolds. Similarly, it is natural to wonder if there exists the 
on-
ept of abstra
t multi(pre)symple
ti
 manifolds in su
h a way that hamiltonian �eldtheory 
ould be reasonably formulated on them. In the literature there 
an be foundsome proposals of should be abstra
t multi(pre)symple
ti
 manifolds (see, for instan
e,[21, 22℄). In parti
ular, de�nitions have been given in su
h a way to be able to prove mul-tisymple
ti
 analogues of the 
elebrated Darboux lemma [23, 24℄. The re
ent de�nitionsby Forger and Gomes [24℄ appear to be the most satisfa
tory in that they are �minimal�on one side and duly model in an abstra
t fashion the relevant geometri
 propertiesof Mπ on the other side. In their work Forger and Gomes illustrate, in parti
ular,the role played by �ber bundles in the should be de�nition of multi(pre)symple
ti
stru
ture. The next step forward should be to formulate hamiltonian �eld theory onmultisymple
ti
 bundles.In this paper we present our own proposal about what should be an abstra
t, �rstorder, hamiltonian �eld theory. We 
all su
h proposal the theory of partial di�er-ential (PD in the following) hamiltonian systems so to 1) stress that it is a naturalgeneralization of the theory of hamiltonian systems on abstra
t symple
ti
 manifolds,2) distinguish it from the spe
ial 
ase of hamiltonian �eld theory on Mπ. A PD-hamiltonian system en
ompasses both the kinemati
s (en
oded, in pi
ture (1), by themultisymple
ti
 stru
ture in Mπ) and the dynami
s (en
oded, in pi
ture (1), by the so
alled hamiltonian se
tion [4℄) whi
h appear as just di�erent 
omponents of one singlegeometri
 obje
t. Namely, the main di�eren
e between a PD-hamiltonian system and amulti(pre)symple
ti
 stru
ture (whatever the reader understand for this) is the dynam-i
al 
ontent of the former (as opposed to the just kinemati
al one of the latter). Noti
ethat this idea is already present in literature [25℄. However, our formalism di�ers fromthe one in [25℄ in that it is adapted to the �bered strau
ture of the manifold of ��eldvariables �.The paper is divided into 6 se
tions. In Se
tion 1 we 
olle
t our notations and 
on-ventions and re
all basi
 di�erential geometri
 fa
ts that will be used in the main partof the paper.In Se
tions 2 we de�ne what we 
all a�ne forms on �ber bundles. The introdu
tionof a�ne forms 
an be motivated as follows. Traje
tories in hamiltonian me
hani
s are
urves, whose 1st derivative at a point is naturally understood as a tangent ve
tor. Intheir turn, tangent ve
tors 
an be inserted into di�erential forms and, in parti
ular,
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ti
 one, and Hamilton equations are written in terms of su
h an insertion.Traje
tories in �eld theory are se
tions of a �ber bundle α : P −→ M , whose 1stderivative at a point is naturally understood as a point in J1α. In their turn, pointsof J1α 
an be inserted into a�ne forms and, in parti
ular, a PD-hamiltonian system(see Se
tion 4), and PD-Hamilton equations are written in terms of su
h an insertion.Re
all now that the natural proje
tion J1α −→ P is an a�ne bundle whose se
tions arenaturally interpreted as (Ehresmann) 
onne
tions in α. Thus, 
onne
tions and a�negeometry play a prominent role in the theory of PD-hamiltonian systems. The a�negeometry is hidden in standard hamiltonian me
hani
s by an a priori 
hoi
e of theparametrization of the time axis (see [26, 27℄, and referen
es therein, for the role ofa�ne geometry in theoreti
al me
hani
s). Similarly, even if the role of 
onne
tions in�eld theory has been often re
ognized (see, for instan
e, [28, 29℄), their a�ne geometryis sometimes hidden in hamiltonian �eld theory on Mπ by the use of multive
tors, oreven de
omposable ones [30, 31℄ (whi
h is just a multidimensional analogue of 
hoosinga parameterization of time). A
tually, we show in Subse
tion 2.3 that a�ne forms 
anbe understood as standard di�erential forms of a spe
ial kind. Nevertheless, we preferto keep the distin
tion for foundational reasons.In Se
tion 3 we dis
uss standard operations with a�ne forms. Essentially be
ause ofthe interpretation of a�ne forms as standard di�erential forms we mentioned above,some of this operations (for instan
e, the insertion of a 
onne
tion into an a�ne form[32℄, or the di�erential of an a�ne form) were a
tually already de�ned in the literature,or 
an be understood as standard operations with forms. We stress again that we willkeep the distin
tion. Finally, we dis
uss relevant a�ne form 
ohomologies proving ana�ne form version of the Poin
aré lemma.In Se
tion 4 we introdu
e PD-(pre)hamiltonian systems, dis
uss their geometry andthe geometry of the asso
iated PD-Hamilton equations, with some referen
es to thesingular, 
onstrained 
ase (see [33, 34, 35, 36℄ for an a

ount of the 
onstraint algorithmin �rst order �eld theory). For 
ompleteness, we also relate PD-hamiltonian systems tomulti(pre)symple
ti
 stru
tures à là Forger [24℄ and the 
al
ulus of variations.In Se
tion 5 we introdu
e PD-Noether symmetries and 
urrents of a PD-hamiltoniansystem. In view of the dynami
al 
ontent of the latter we are able to prove a Noethertheorem (see also [37℄). Moreover, there is a natural Lie bra
ket (named PD-Poissonbra
ket) among PD-Noether 
urrents. As already mentioned, multisymple
ti
 ana-logues of the Poisson bra
ket have been already dis
ussed in the literature [6, 7, 8, 9, 10℄.However, we emphasise here the dynami
al nature of PD-Poisson bra
ket (see also[38, 39℄). Namely, su
h bra
ket is just part of the Peierls bra
ket [39℄ among 
on-servation laws of the underlying lagrangian theory and we don't try to extend it tonon-
onserved 
urrents. Indeed, our opinion is that the existen
e of a Poisson bra
ketamong non-
onserved fun
tions in hamiltonian me
hani
s is essentially due to the exis-ten
e of a preferred hamiltonian system on any symple
ti
 manifold N , i.e., the one with
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0 hamiltonian, for whi
h every fun
tion on N is a 
onservation law. Finally we dis
ussthe (gauge) redu
tion of a degenerate (but un
onstrained) PD-hamiltonian system.In Se
tion 6 we propose few examples of PD-hamiltonian systems, in
luding the 
om-putation of their PD-Noether symmetries and 
urrents or, in one 
ase, their redu
tion.1. Notations and ConventionsIn this se
tion we 
olle
t notations and 
onventions about some general 
onstru
tionsthat will be used in the following.Let N be a manifold. We denote by C∞(N) the R-algebra of smooth, R-valuedfun
tions on N . A ve
tor �eld X over N will be always understood as a derivation
X : C∞(N) −→ C∞(N). We denote by D(N) the C∞(N)-module of ve
tor �eldsover N , by ˜(M) = ⊕

k ˜
k(N) the graded R-algebra of di�erential forms over N , by

d : ˜(N) −→ ˜(N) the de Rham di�erential, and by H(N) =
⊕

k Hk(N) the deRham 
ohomology. If F : N1 −→ N is a smooth map of manifolds, we denote by
F ∗ : ˜(N) −→ ˜(N1) its pull-ba
k. We will understand everywhere the wedge produ
t
∧ of di�erential forms, i.e., for ω, ω1 ∈ ˜(N), instead of writing ω ∧ ω1, we will simplywrite ωω1. We assume the reader to be familiar with Fröli
her-Nijenhuis 
al
ulus onform valued ve
tor �elds (insertion iZω of a form valued ve
tor �eld Z into a di�erentialform ω, Lie derivative LZω of a di�erential form ω along a form valued ve
tor �elds Z,Fröli
her-Nijenhuis bra
ket, et
., see, for instan
e, [41℄).Let ̟ : W −→ N be an a�ne bundle (or, possibly, a ve
tor bundle) and F : N1 −→ Na smooth map of manifolds. The a�ne spa
e of smooth se
tions of ̟ will be denotedby •(̟). For x ∈ N , we put, sometimes, •(̟)|x := ̟−1(x) and, for χ ∈ •(̟), wealso put χx := χ(x). The a�ne bundle on N1 indu
ed by ̟ via F will be denote by
̟|F :W |F −→ N :

W |F //

̟|F
��

W

̟

��

N1
F

// N

.We also denote •(̟)|F := •(̟|F ). For any se
tion s ∈ •(̟) there exists a uniquese
tion, whi
h abusing the notation we denote by s|F ∈ •(̟|F ), su
h that the diagram
W |F // W

N1
F

//

s|F

OO

N

s

OO
ommutes. Elements in •(̟)|F are 
alled se
tions of ̟ along F . If F is an embedding
̟|F , •(̟)|F and s|F will be referred to as the restri
tion to N1 of ̟, •(̟) and s,respe
tively. If ̟1 : W1 −→ N is an other a�ne bundle and A : •(̟) −→ •(̟1) is ana�ne map then there exists a unique a�ne map A|F : •(̟)|F −→ •(̟1)|F su
h that
A|F (s|F ) = A(s)|F for all s ∈ •(̟).



PARTIAL DIFFERENTIAL HAMILTONIAN SYSTEMS 5Let α : P −→ M be a �ber bundle. A ve
tor �eld X ∈ D(P ) is 
alled α-proje
tablei� there exists �X ∈ D(P ) su
h that X ◦ α∗ = α∗ ◦ �X. �X is 
alled the α-proje
tion of
X. α-proje
table ve
tor �elds form a Lie subalgebra in D(P ) denoted by DV (P, α) (orsimply DV if this does not lead to 
onfusion). An α-proje
table ve
tor �eld proje
tingonto the 0 ve
tor �eld is an α-verti
al ve
tor �eld. α-verti
al ve
tor �elds form an idealin DV denoted by VD(P, α) (or simply VD). Noti
e that, if α has 
onne
ted �ber, then
DV is the stabilyzer of VD in D(P ), i.e., DV = {X ∈ D(P ) | [X, VD] ⊂ VD}.Let α : P −→ M be as above, dimM = n, dimP = m + n. Denote by α1 :
J1α −→ M the bundle of 1-jets of lo
al se
tions of α [42, 2℄, and by α1,0 : J

1α −→ Pthe 
anoni
al proje
tion. For any lo
al se
tion σ : U −→ P of α, U ⊂ M beingan open subset, we denote by ‘σ : U −→ J1α its 1th jet prolongation. Any systemof adapted to α 
oordinates (. . . , xi, . . . , ya, . . .) on P , . . . , xi, . . . being 
oordinates on
M and . . . , ya, . . . �ber 
oordinates on P , gives rise to the system of jet 
oordinates
(. . . , xi, . . . , ua, . . . , ya

i , . . .) on J1α, i = 1, . . . , n, a = 1, . . . , m. Re
all that α1,0 is ana�ne bundle and a se
tion∇ : P −→ J1α of it is naturally interpreted as a (Ehresmann)
onne
tion in α. We assume the reader to be familiar with the geometry of 
onne
tions(see, for instan
e, [40, 41℄). ∇ is lo
ally represented as
∇ : ya

i = ∇a
i ,

. . . ,∇a
i , . . . being lo
al fun
tions on P . The spa
e •(α1,0) of all su
h se
tions will bealso denoted by C(P, α) (or simply C).Let α : P −→ M be as above, α′ : P ′ −→ M another �ber bundle and G : P −→ P ′a bundle morphism (over the identity idM : M −→ M), i.e., a smooth map su
h that

α′ ◦ G = α. First of all, re
all that there exists a unique bundle morphism j1G :
J1α −→ J1α′ su
h that j1G ◦ ‘σ = (G ◦ σ)‘ for all lo
al se
tions σ of α. j1G is the �rstjet prolongation of G and diagram

J1α
j1G

//

α1,0

��

J1α′

α′
1,0

��

P
G

//

α
""D

DD
DD

DD
D P ′

α′
||yy

yy
yy

yy

M
ommutes. Now, a 
onne
tion ∇ ∈ C(P, α) and a 
onne
tion ∇′ ∈ C(P ′, α′) are said
G-
ompatible i� ∇′ ◦ G = j1G ◦ ∇.Let

· · · // Kl−1

δl−1
// Kl

δl
// Kl+1

δl+1
// · · ·be a 
omplex. Put K :=

⊕
l Kl and δ :=

⊕
l δl. We denote by H(K, δ) :=

⊕
l H

l(K, δ),the 
ohomology spa
e of (K, δ), H l(K, δ) := ker δl/ im δl−1.



6 L. VITAGLIANOLet A be a 
ommutative R-algebra, M , M1 be A-modules and A an a�ne spa
emodelled over M . We denote by A¨A(A, M1) (resp. HomA(M , M1)) the A-moduleof a�ne (resp. A-linear) maps A −→ M1 (resp. M −→ M1). If φ ∈ A¨A(A, M1), itslinear part φ is an element in HomA(M , M1).Let m, r be positive integers and . . . , Aa1···ar , . . . be elements in a real ve
tor spa
e,
a1, . . . , ar = 1, . . . , m. We denote by . . . , A[a1···ar ], . . . their skew-symmetrization, i.e.,

A[a1···ar ] :=
1
s!

∑

σ∈Sr

ε(σ)Aaσ(1)···aσ(r)
,

Sr being the group of permutations of {1, . . . , r} and ε(σ) the sign of σ ∈ Sr.We denote by ≃ (resp. ≈) a 
anoni
al (resp. non-
anoni
al) isomorphism betweenalgebrai
 stru
tures and by≡ an equivalen
e of notations. For instan
e, for α : P −→ Mas above, VD ≡ VD(P, M). Finally, we understand the sum over upper-lower pairs ofrepeated indexes. 2. Affine Forms on Fiber Bundles2.1. Spe
ial Forms on Fiber Bundles. Let α : P −→ M be a �ber bundle, A :=
C∞(P ), A0 := C∞(M), x1, . . . , xn 
oordinates on M , dimM = n, and y1, . . . , ym �ber
oordinates on P , dimP = n + m. In the following we will often understand themonomorphism of algebras α∗ : A0 −→ A, whose image is made of fun
tions on Pwhi
h are 
onstant along the �bers of α. DV (resp. VD) is made of ve
tor �elds Xlo
ally of the form X = X i∂i + Y a∂a (resp. X = Y a∂a) where X i = X i(x1, . . . , xn),
∂i := ∂/∂xi, i = 1, . . . , n, ∂a = ∂/∂ya, a = 1, . . . , m.Denote by ˜1(P, α) =

⊕
k ˜

k
1(P, α) (or simply ˜1 =⊕

k ˜
k
1) the di�erential (graded)ideal of di�erential forms on P vanishing when pulled-ba
k to �bers of α, i.e., ω ∈ ˜k

1,
k ≥ 0 i� ω ∈ ˜k(P ) and i∗α−1(x)(ω) = 0 for all x ∈ M , iα−1(x) : α

−1(x) −→ P being theembedding of the �ber α−1(x) of α through x ∈ M . Moreover, denote by ˜p(P, a) =⊕
k ˜

k
p(P, α) (or simply ˜p =

⊕
k ˜

k
p) the p-th exterior power of ˜1. For all k and

p, ˜k
p is made of di�erential k-forms ω su
h that (iY1 ◦ · · · ◦ iYk−p+1

)ω = 0 for every
Y1, . . . , Yk−p+1 ∈ VD or, whi
h is the same, di�erential k-forms ω lo
ally of the form

ω =
∑

l≥0

ωi1···ip+la1···ak−p−l
dxi1 · · · dxip+ldya1 · · ·dyak−p−l,

. . . , ωi1···ip+la1···ak−p−l
, . . . being lo
al fun
tions on P , i1, . . . , ip+l = 1, . . . , n,

a1, . . . , ak−p−l = 1, . . . , m.Denote by V˜(P, α) =
⊕

k V˜k(P, α) (or simply V˜ =
⊕

k V˜k) the quotient di�eren-tial algebra ˜(P )/˜1, with dV : V˜ −→ V˜ its di�erential and with pV : ˜(P ) ∋ ω 7−→
ωV := ω + ˜1 ∈ V˜ the proje
tion onto the quotient. Noti
e that dV is A0-linear. Anelement ρV in V˜k is lo
ally of the form

ρV = ρa1···ak
dVya1 · · · dVyak,
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. . . , ρa1···ak

, . . . being lo
al fun
tions on P , and dVρV is lo
ally given by
dVρV = ∂aρa1···ak

dVyadVya1 · · · dVyak = ∂[aρa1···ak]d
VyadVya1 · · · dVyak.Clearly, V˜1 is the dual A-module of VD and V˜ its exterior algebra. In parti
ular,elements in V˜ may be interpreted as multilinear, skew-symmetri
 forms on VD.Denote by ˜(P, α) =

⊕
k ˜

k(P, α) :=
⊕

k ˜
k
k ⊂ ˜(P ) (or simply ˜ = ⊕

k ˜
k) thesub-algebra generated by ˜11. An element ω ∈ ˜k is lo
ally of the form

ω = ωi1···ikdxi1 · · · dxik .Noti
e that ˜ is naturally isomorphi
 to A ⊗A0 ˜(M) as an A-algebra.For any p, the quotient (graded) di�erential module Ep,•
0 ≡ Ep,•

0 (P, α) := ˜p/˜p+1
1is naturally isomorphi
 to V˜ ⊗A ˜

p (or, whi
h is the same, V˜ ⊗A0 ˜
p(M)) via the
orresponden
e

Ep,q
0 ∋ ω + ˜p+q

p+1 7−→ ̟ ∈ V˜q ⊗A ˜
p, (3)well de�ned by putting

̟(Y1, . . . , Yq) := (iYq ◦ · · · ◦ iY1)(ω) ∈ ˜
p,

Y1, . . . , Yq ∈ VD. In the following we denote by Ep,q
0 the qth homogeneous pie
e of Ep,•

0 ,
q ∈ Z. A

ording to the above said, V˜⊗A ˜ (or, whi
h is the same, V˜⊗A0 ˜(M)) isthe graded obje
t asso
iated with the �ltration ˜(P ) ⊃ ˜1 ⊃ · · · ⊃ ˜p ⊃ · · · . As wewill see in the next subse
tion, a 
onne
tion in α allows one to identify su
h �ltrationwith its graded obje
t.Let us now fo
us on the ideals ˜n−1 and ˜n. Put dnx := dx1 · · ·dxn and dn−1xi :=
i∂i

dnx, so that dxjdn−1xi = δj
i d

nx, i, j = 1, . . . , n. Then an element ω ∈ ˜q+n−1
n−1(resp. ω ∈ ˜q+n−1

n ) is lo
ally in the form
ω = ωi

a1...aq
dya1 · · · dyaqdn−1xi + ωa1...aq−1dya1 · · · dyaq−1dnx(resp.

ω = ωa1...aq−1dya1 · · · dyaq−1dnx),

. . . , ωi
a1...aq

, . . . , ωa1...aq−1 , . . . being lo
al fun
tions on P . In parti
ular ˜q+n−1
n−1(resp. ˜q+n−1

n ) is the module of se
tions of an [
n
(

q
m

)
+

(
q−1
m

)](resp. (
q−1
m

))-dimensionalve
tor bundle over P . In few lines we will provide an alternative des
ription of ˜n−1and ˜n (Theorem 1). In our opinion, su
h des
ription is more suitable for a betterunderstanding of the role of ˜n−1 and ˜n in �rst order �eld theories (see, for instan
e,[5℄).1This last notation is motivated by the fa
t that A�modules E
p,•

0
are 
olumns of the �rst term ofthe (
ohomologi
al) Leray-Serre spe
tral sequen
e of the �ber bundle α (see [43℄).



8 L. VITAGLIANO2.2. A�ne Forms. Let ∇ ∈ C ≡ C(P, α). Re
all, preliminarily, that C is an a�nespa
e modelled over the A-module ˜1⊗A VD, or, whi
h is the same, ˜1(M)⊗A0 VD. ∇allows one to split the tangent bundle TP to P into its verti
al part VP and a horizontalpart H∇P . denote by H∇D(P, α) ⊂ D(P ) (or simply H∇D ⊂ D(P )) the submoduleof ∇-horizontal ve
tor �elds. An element X ∈ H∇D is lo
ally in the form X = X i∇i,where ∇i := ∂i +∇a
i ∂a, i = 1, . . . , n. Splitting

D(P ) = VD⊕ H∇D (4)determines a splitting of the de Rham di�erential d : ˜(P ) −→ ˜(P ) into a horizontalpart d∇ : ˜(P ) −→ ˜(P ), and a verti
al part dV
∇ : ˜(P ) −→ ˜(P ), d = d∇ + dV

∇,where d∇ (resp. dV
∇) is the Lie derivative along the horizontal-form valued ve
tor �eld(resp. the form valued verti
al ve
tor �eld) H∇ : A −→ ˜1(P ) (resp. V∇ : A −→ ˜1(P ))determined by ∇. H∇ (resp. V∇) is lo
ally given by H∇ = dxi∇i (resp. V∇ = (dya −

∇a
i dxi)∂a). Noti
e that (˜(P ), dV

∇, d∇) is not a bi-
omplex unless ∇ is �at. Splitting(4) also determines an isomorphism φ∇ : V˜⊗A ˜ −→ ˜(P ) lo
ally given by
φ∇(d

Vya1 · · · dVyaq ⊗ dxi1 · · · dxiq) = dV
∇ya1 · · ·dV

∇yaqdxi1 · · · dxiq .In parti
ular, for any q, p, there is an obvious proje
tion p
q,p
∇ : ˜(P ) −→ V˜q ⊗A ˜

p.For any k ≥ 0 put
′Ÿk+1 := A¨A(C, V˜k ⊗A ˜

n).An element ′ϑ ∈ ′Ÿk+1 is lo
ally given by
′ϑ(∇) = (′ϑi

a,a1···ak
∇a

i +
′ϑa1···ak

)dVya1 · · ·dVyak ⊗ dnx, ∇ ∈ C,

. . . , ′ϑi
a,a1···ak

, . . . , ′ϑa1···ak
, . . . lo
al fun
tions on P . The linear part ′ϑ of an element ′ϑ ∈

′Ÿk+1 is an element in the A-module
HomA(˜

1 ⊗A VD, V˜k ⊗A ˜
n) ≃ HomA(VD, V˜k ⊗A ˜

n−1),where we identi�ed V˜k ⊗ ˜n−1 and HomA(˜
1, V˜k ⊗ ˜n) via the isomorphism

V˜k ⊗ ˜n−1 ∋ σ ⊗ ρ 7−→ ϕσ⊗ρ ∈ HomA(˜
1, V˜k ⊗ ˜n),

σ ∈ V˜k, ρ ∈ ˜n−1, de�ned by putting
ϕσ⊗ρ(η) := (−)

kσ ⊗ ηρ ∈ V˜k ⊗ ˜n, η ∈ ˜1.Put Ÿk+1 ≡ Ÿk+1(P, α) := V˜k+1 ⊗A ˜
n−1. Similarly as above, Ÿk+1 
an be embeddedinto HomA(VD, V˜k ⊗A ˜

n−1) via the 
orresponden
e
Ÿk+1 ∋ σ′ ⊗ ρ 7−→ ϕ′

σ′⊗ρ ∈ HomA(VD, V˜k ⊗A ˜
n−1), (5)

σ′ ∈ V˜k, ρ ∈ ˜n−1, de�ned by putting
ϕ′

σ′⊗ρ(Y ) := iY σ′ ⊗ ρ ∈ V˜k ⊗A ˜
n−1, Y ∈ VD.



PARTIAL DIFFERENTIAL HAMILTONIAN SYSTEMS 9In the following we will understand embedding (5).Put also Ÿ0 ≡ Ÿ0(P, α) := ˜n−1, Ÿ0 ≡ Ÿ0(P, α) := Ÿ0, and for k ≥ 0,
Ÿk+1 ≡ Ÿk+1(P, α) := {ϑ ∈ ′Ÿk+1 | ϑ ∈ Ÿk+1},

Ÿ ≡ Ÿ(P, α) :=
⊕

q≥0Ÿ
q and Ÿ ≡ Ÿ(P, α) :=

⊕
q≥0Ÿ

q. Elements in Ÿk will be 
alleda�ne k-forms over α, k ≥ 0. It is easy to show that an element ϑ ∈ ′Ÿk+1 is an a�ne
(k + 1)-form i� it is lo
ally given by

ϑ(∇) = (ϑi
aa1···ak

∇a
i + ϑa1···ak

)dVya1 · · · dVyak ⊗ dnx, ∇ ∈ C.

. . . , ϑi
aa1···ak

, . . . , ϑa1···ak
, . . . being lo
al fun
tions on P su
h that ϑi

aa1···ak
= ϑi

[aa1···ak ]
,

i = 1, . . . , n, a, a1, . . . , ak = 1, . . . , m.A

ording to the above said, the linear part ϑ ∈ Ÿk+1 of ϑ is impli
itly de�ned by theformula
ϑ(∇+ η ⊗ Y )(Y1, . . . , Yk)− ϑ(∇)(Y1, . . . , Yk) = (−)

kη · ϑ(Y, Y1, . . . , Yk) ∈ ˜
n,

∇ ∈ C, η ∈ ˜n−1, Y, Y1, . . . , Yk ∈ VD, and it is lo
ally given by
ϑ = (−)k

k+1
ϑi

a1···ak+1
dVya1 · · · dVyak+1 ⊗ dn−1xi. (6)2.3. A�ne Forms and Di�erential Forms. Let Ÿ0(P, α) =

⊕
q≥0 Ÿ

q
0(P, α) (or,simply, Ÿ0 ≡

⊕
q≥0 Ÿ

q
0) be the kernel of the proje
tion Ÿ ∋ ϑ 7−→ ϑ ∈ Ÿ. Clearly,

Ÿq
0 is 
anoni
ally isomorphi
 to V q−1˜ ⊗A ˜

n for q > 0 (and in the following we willunderstand su
h isomorphism), while Ÿ00 = 0. Moreover, Ÿq (resp. Ÿq
0) is the module ofse
tions of an [n(

q
m

)
+

(
q−1
m

)
] (resp. (

q−1
m

))-dimensional ve
tor bundle over P .Theorem 1. There are 
anoni
al isomorphisms of A-modules
ι0,q : ˜

q+n−1
n −→ Ÿq

0,

ιq : ˜
q+n−1
n−1 −→ Ÿq,

ιq : E
n−1,q
0 −→ Ÿq,

q ≥ 0, su
h that diagram
0 // ˜n

ι0

��

// ˜n−1

ι

��

// En−1
0

ι

��

// 0

0 // Ÿ0 // Ÿ // Ÿ // 0

(7)
ommutes, where ι0 :=
⊕

q ι0,q, ι :=
⊕

q ιq and ι :=
⊕

q ιq.Proof. Let q > 0. First of all, denote by ιq : En−1,q
0 −→ Ÿq the already mentionednatural isomorphism (3) and noti
e that for any ω ∈ ˜q+n−1

n and Y1, . . . , Yq−1 ∈ VD,
(iY1 ◦ · · · ◦ iYq−1)(ω) ∈ ˜

n. Therefore, it is well de�ned an element ι0,q(ω) ∈ Ÿ
q
0 byputting ι0,q(ω)(Y1, . . . , Yq−1) := (iY1 ◦ · · ·◦ iYq−1)(ω) ∈ ˜

n, Y1, . . . , Yq−1 ∈ VD. Moreover,the 
orresponden
e ˜q+n−1
n ∋ ω 7−→ ι0,q(ω) ∈ Ÿ

q
0 is an isomorphism of A-modules.



10 L. VITAGLIANOIndeed, let ω ∈ ˜q+n−1
n and (iY1 ◦ · · · ◦ iYq−1)(ω) = 0 for all Y1, . . . , Yq−1 ∈ VD, then

ω ∈ ˜q+n−1
n+1 = 0, so that ι0,q is inje
tive. Moreover, ˜q+n−1

n and Ÿq
0 are lo
ally free

A-modules of the same lo
al dimension. We 
on
lude that
ι0 :=

⊕
qι0,q : ˜n −→ Ÿ0is a 
anoni
al isomorphism of A-modules as well, sending ˜q+n−1

n into Ÿq
0, q ≥ 0. Finally,if ω ∈ ˜q+n−1

n is lo
ally given by
ω = ωa1...aq−1dya1 · · · dyaq−1dnx,then ι0(ω) ∈ Ÿ0 is lo
ally given by ι0(ω) = ωa1...aq−1d

Vya1 · · · dVyaq−1 ⊗ dnx.Now, for ω ∈ ˜q+n−1
n−1 and ∇ ∈ C put

ιq(ω)(∇) := p
q−1,n
∇ (ω).If ω is lo
ally given by

ω = ωi
a1...aq

dya1 · · · dyaqdn−1xi + ωa1...aq−1dya1 · · · dyaq−1dnx,then
ω = ωi

a1...aq
(dV

∇ + d∇)(y
a1) · · · (dV

∇ + d∇)(y
aq)dn−1xi

+ ωa1...aq−1d
V
∇ya1 · · · dV

∇yaq−1dnx

= ωa1...aq−1d
V
∇ya1 · · · dV

∇yaq−1dnx+ ωi
a1...aq

dV
∇ya1 · · · dV

∇yaqdn−1xi

+
∑

s

(−)p−sωi
a1...aq

∇as

j dV
∇ya1 · · · d̂V

∇yas · · · dV
∇yaqdxjdn−1xi

= ωq,n−1 + [q(−)q−1ωi
aa1...aq−1

∇a
i + ωa1...aq−1 ]d

V
∇ya1 · · · dV

∇yaq−1dnxwhere a 
ap � ̂ � denotes omission of the fa
tor below it, and ωq,n−1 ∈ ˜(P ) is a suitableform su
h that p
q−1,n
∇ (ωq,n−1) = 0. Therefore, lo
ally

ιq(ω)(∇) = p
q−1,n
∇ (ω)

= [q(−)q−1ωi
aa1...aq−1

∇a
i + ωa1...aq−1 ]d

Vya1 · · · dVyaq−1 ⊗ dnx. (8)This shows simultaneously that ιq(ω) is a�ne, that it is in Ÿq and that ιq is inje
tive.Sin
e ˜p+n
n−1 and Ÿq are lo
ally free A-modules of the same lo
al dimension, then the
orresponden
e ιq : ˜

q+n−1
n−1 ∋ ω 7−→ ιq(ω) ∈ Ÿ

q is an isomorphism. Commutativity ofdiagram (7) immediately follows from lo
al formulas (6) and (8). �Noti
e that isomorphism ι generalizes 
onsiderably the well known isomorphism
˜n

n−1 ≃ A¨A(C,˜n) [5℄.Finally, let π : E −→ M be a �ber bundle and . . . , qA, . . . �ber 
oordinates on E.Noti
e that Ÿ1(E, π) (resp. Ÿ1(E, π)) is the C∞(E)-module of se
tions of a ve
tor bundle
µ0π :Mπ −→ E (resp. τ †

0π : J
†π −→ E). Re
all that there is a distinguished element
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— in Ÿ1(Mπ, µπ) (resp. — ∈ Ÿ1(J†π, τ †π)), with µπ := π ◦ µ0π (resp. τ †π := π ◦ τ †

0π),the tautologi
al one [5℄, whi
h in standard 
oordinates
. . . , xi, . . . , qA, . . . , pi

A, . . . , pon Mπ (resp. . . . , xi, . . . , qA, . . . , pi
A, . . . on J†α) is given by

— = pi
AdqAdn−1xi − pdnx (resp. — = pi

AdVqA ⊗ dn−1xi).3. Affine Form Cal
ulus3.1. Natural Operations with A�ne Forms. In this se
tion we derive the mainformulas of 
al
ulus on a�ne forms. Su
h formulas will turn useful in generalizing proofsfrom the 
ontext of hamiltonian systems to the 
ontext of PD-hamiltonian systems (seeSe
tion 5).Let α : P −→ M be as in the previous se
tion. Isomorphism ι (resp. ι0, ι) 
an beused to �transfer stru
tures� from ˜n−1 (resp. ˜n, En−1
0 ) to Ÿ (resp. Ÿ0, Ÿ) and ba
k.As an instan
e, noti
e that Ÿ has got a natural stru
ture of ˜(P )-module given by

λϑ := ι(λω),

λ ∈ ˜(P ), ϑ = ι(ω) ∈ Ÿ, ω ∈ ˜n−1. Moreover, Ÿ is generated by Ÿ0 as a ˜(P )-module.Similarly, ˜n (resp. En−1
0 ) has a stru
ture of V˜-module given by

λV ω0 := ι−10 (λ
V ρV ⊗ ν) (resp. λV ω := ι−10 (λ

V ρV ⊗ σ)),
λV ∈ V˜, ω0 = ι−10 (ρ

V ⊗ ν) (resp. ω = ι−1(ρV ⊗ σ)), ρV ∈ V˜, ν ∈ ˜n (resp. σ ∈
˜n−1), so that ρV ⊗ ν ∈ V˜⊗A ˜

n = Ÿ0 (resp. ρV ⊗ σ ∈ V˜⊗A ˜
n−1 = Ÿ). Clearly, ˜n(resp. En−1

0 ) is generated by ˜n (resp. ˜n−1) as a V˜-module. Finally, the presentedstru
tures are 
ompatible in the sense that for ω0 ∈ ˜n, ω ∈ ˜n−1 and λ ∈ ˜(P ), wehave
λV ω0 = λω0 and λω = λV ω.As a last instan
e of how to use isomorphisms in (7) to transfer a stru
ture from onespa
e to the other we de�ne the insertion of a 
onne
tion ∇ ∈ C into a di�erential form

ω ∈ ˜n as follows
i∇ω := ι−10 (ϑ(∇)) = (ι

−1
0 ◦ p

q−1,n
∇ )(ω) ∈ ˜n,

ϑ = ι(ω) ∈ Ÿ. Noti
e that the just de�ned insertion of a 
onne
tion in an element
ω ∈ ˜n has been already dis
ussed in [32℄. In the following we will always understandisomorphisms ι, ι0, ι.Noti
e that Ÿ inherits many operations from Ÿ. Indeed, let ∇ ∈ C, Z ∈ ˜1⊗A VD ⊂
˜(P )⊗A D(P ), Y ∈ VD, X ∈ DV , q ≥ 0. Then

• iZ(Ÿ) ⊂ Ÿ0 and iZ(Ÿ0) = 0 so that an operator, whi
h, abusing the notation,we again denote by iZ : Ÿ −→ Ÿ0, is well de�ned via the formula
iZω := iZω ∈ Ÿ0,
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ω ∈ Ÿ. Moreover, it is easy to show that

iZω = i∇+Zω − i∇ω.Finally, for Z = η ⊗ Y1, and ω = ρV ⊗ σ, η ∈ ˜1, Y1 ∈ VD, ρV ∈ V˜q and
σ ∈ ˜n−1, we have

iZω = (−)q−1iY1ρ
V ⊗ ησ.

• iY (Ÿ) ⊂ Ÿ (resp. LX(Ÿ) ⊂ Ÿ) and iY (Ÿ0) ⊂ Ÿ0 (resp. LX(Ÿ0) ⊂ Ÿ0) so that thequotient map, whi
h, abusing the notation, we again denote by iY : Ÿ −→ Ÿ(resp. LX : Ÿ −→ Ÿ), is well de�ned via the formula
iY ω := iY ω ∈ Ÿ (resp. LXω = LXω ∈ Ÿ).Finally, for ω = ρV ⊗ σ, ρV ∈ V˜q and σ ∈ ˜n−1, we have

iY ω = iY ρV ⊗ σ.

• d∇(Ÿ) ⊂ Ÿ0 and d∇(Ÿ0) = 0 so that an operator, whi
h, abusing the notation,we again denote by d∇ : Ÿ −→ Ÿ0, is well de�ned via the formula
d∇ω := d∇ω ∈ Ÿ0,

ω ∈ Ÿ.Remark 2. Noti
e that the insertion i∇ω, being a�ne in ∇, is a
tually point wise, i.e.,if ∇′ ∈ C is su
h that ∇′
y = ∇y ∈ C|y = α−1

1,0(y) for some y ∈ P , then (i∇′ω)y = (i∇ω)y.Therefore, the insertion icωy of an element c ∈ α−1
1,0(y), y ∈ P , into ωy is well de�ned.Similar 
onsiderations apply to both the above de�ned insertions iZ and iY . Finally,for all y ∈ P , the proje
tion Ÿ −→ Ÿ as well determines a well de�ned linear map

Ÿ|y ∋ ωy 7−→ ωy ∈ Ÿ|y whose kernel is Ÿ0|y.In the following we will denote by δ : Ÿ −→ Ÿ (resp. δ0 : Ÿ0 −→ Ÿ0) the restri
tedde Rham di�erential, i.e., for ω ∈ Ÿ (resp. ω0 ∈ Ÿ0), δω := dω ∈ Ÿ (resp. δ0ω0 :=
dω0 ∈ Ÿ0) and with δ : Ÿ −→ Ÿ the quotient di�erential. Then, for ω0 = ρV ⊗ α∗(ν0)(resp. ω = ρV ⊗ α∗(σ0)), ρV ∈ V˜, ν0 ∈ ˜

n(M) (resp. σ0 ∈ ˜
n−1(M)), we have

δ0ω0 = dVρV ⊗ α∗(ν0) (resp. δω = dVρV ⊗ α∗(σ0)).In other words δ0 (resp. δ) is isomorphi
 to the di�erential dV ⊗ id : V˜⊗A0 ˜
n(M) −→

V˜⊗A0 ˜
n(M) (resp. dV ⊗ id : V˜⊗A0 ˜

n−1(M) −→ V˜⊗A0 ˜
n−1(M)).All the above mentioned formulas 
an be proved by straightforward 
omputations.Now, let ∇, Y and X be as above. denote by [[·, ·]] the Fröli
her-Nijenhuis bra
ket in

˜(P )⊗A D(P ). It is easy to see that [[H∇, X]] ∈ ˜1 ⊗A VD ⊂ ˜(P )⊗A D(P ). It holdsthe followingTheorem 3. Let ω ∈ Ÿ, then
[i∇, δ]ω := (i∇ ◦ δ − δ0 ◦ i∇)ω = d∇ω ∈ Ÿ0,

[i∇, iY ]ω := (i∇ ◦ iY − iY ◦ i∇)ω = 0 ∈ Ÿ0, (9)
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[i∇, LX ]ω := (i∇ ◦ LX − LX ◦ i∇)ω = i[[H∇,X]]ω ∈ Ÿ0.Proof. First prove that i∇ : Ÿ −→ Ÿ0 satis�es the �Leibnitz rule�

i∇(λω) = λ · i∇ω + iH∇
λ · ω, (10)

λ ∈ ˜(P ), ω ∈ Ÿ. For ρ ∈ ˜(P ), denote ρ•,p
∇ :=

∑
q p

q,p
∇ (ρ), so that ρ =

∑
p ρ•,p

∇ . Noti
ethat for ω ∈ Ÿ and λ ∈ ˜(P ), we have ω = ω•,n
∇ + ω•,n−1

∇ so that
i∇(λω) = p

•,n
∇ (λω) = λl,0

∇ ω•,n
∇ + λ•,1

∇ ω•,n−1
∇ = λ · i∇ω + λ•,1

∇ · ω•,n−1
∇ .Moreover, iH∇

λ =
∑

piH∇
λ•,p
∇ =

∑
ppλ

•,p
∇ , whi
h in turn implies λ•,p

∇ = iH∇
λ −∑

p>1pλ
•,p
∇ . Therefore

i∇(λω) = λ · i∇ω + λ•,1
∇ · ω•,n−1

∇

= λ · i∇ω + iH∇
λ · ω•,n−1

∇ −
∑

p>1pλ
•,p
∇ ω•,n−1

∇

= λ · i∇ω + iH∇
λ · ω.In view of (10), the above de�ned operators [i∇, δ], [i∇, iY ], [i∇, LX ] : Ÿ −→ Ÿ0, satisfyanalogous �Leibnitz rules�

[i∇, δ](λω) = d∇λ · ω + (−)lλ · [i∇, δ](ω),

[i∇, iY ](λω) = λ · [i∇, iY ](ω), (11)
[i∇, LX ](λω) = i[[H∇,X]]λ · ω + λ · [i∇, LX ](ω).Sin
e Ÿ is generated by ˜n−1 as a ˜(P )-module, in view of (11), it is enough to prove(9) for ω ∈ ˜n−1. In this 
ase

[i∇, δ]ω = i∇dω = (dω)•,n∇ = d∇ω,

[i∇, iY ]ω = 0,

[i∇, LX ]ω = i∇LXω = (LXω)•,n∇ = 0 = i[[H∇,X]]ω.

�We now dis
uss the intera
tion between a�ne forms and bundle morphisms. Let
α′ : P ′ −→ M be another �ber bundle and G : P −→ P ′ a bundle morphism. Clearly,
G preserves the ideals ˜p, p ≥ 0, i.e., G∗(˜p(P

′, α′)) ⊂ ˜p(P, α). In parti
ular,
G∗(Ÿ(P ′, α′)) ⊂ Ÿ(P, α) and G∗(Ÿ0(P

′, α′)) ⊂ Ÿ0(P, α).We 
on
lude that the quotient map whi
h, abusing the notation, we again denote by
G∗ : Ÿ(P ′, α′) −→ Ÿ(P, α), is well de�ned. Now, 
onsider G-
ompatible 
onne
tions
∇ ∈ C(P, α) and ∇′ ∈ C(P ′, α′). It is easy to show that

G∗ ◦ i∇′ = i∇ ◦ G∗ : Ÿ(P ′, α′) −→ Ÿ0(P, α). (12)



14 L. VITAGLIANO3.2. Cohomology.Remark 4. (see [43℄) In the following we denote by F the abstra
t �ber of α. Noti
ethat, for any q ≥ 0, VHq ≡ VHq(P, α) := Hq(V˜, dV ) is the A0-module of se
tionsof a (pro-�nite) ve
tor bundle αq : P q −→ M over M whose abstra
t �ber is Hq(F).Moreover, αq is endowed with a 
anoni
al �at 
onne
tion ∇q (∇q is a smooth analogueof Gauss-Manin 
onne
tion in algebrai
 geometry). Correspondingly, there is a de Rhamlike 
omplex
· · · // ˜p−1 ⊗A0 VHq

dp−1,q
1

// ˜p ⊗A0 VHq
dp,q
1

// · · · ,whose 
ohomology we denote by E•,q
2 :=

⊕
p Ep,q
2 , Ep,q

2 := Hp(˜(M) ⊗A0 V˜q, d•,q
1 )

2,
q ≥ 0. It 
an be proved that, if α is trivial or M is simply 
onne
ted, then there is a(generi
ally non-
anoni
al), isomorphism

Ep,q
2 ≈ Hp(M)⊗ Hq(F), p, q ≥ 0.Finally, noti
e also that, for any q ≥ 0,
Hq(Ÿ0, δ0) ≃ ˜

n(M)⊗A0 VHq,

Hq(Ÿ, δ) ≃ ˜n−1(M)⊗A0 VHq.Proposition 5. Let α : P −→ M be a �ber bundle. Then, for any q ≥ 0, there existsa short exa
t sequen
e of ve
tor spa
es
0 // coker dn,q−1

1
// Hq(Ÿ, δ) // ker dn−1,q

1
// 0 .In parti
ular, Hq(Ÿ, δ) ≈ coker dn,q−1

1 ⊕ ker dn−1,q
1 = En,q−1

2 ⊕ ker dn−1,q
1 .Proof. Consider the short exa
t sequen
e of 
omplexes

0 // Ÿ0 // Ÿ // Ÿ // 0 ,and the asso
iated long sequen
e in 
ohomology
· · · // Hq−1(Ÿ, δ)

∂
// Hq(Ÿ0, δ0) // Hq(Ÿ, δ) // Hq(Ÿ, δ)

∂
// · · · . (13)We already 
ommented, in the above remark, that, for any q, Hq(Ÿ0, δ0) identi�es with

˜n(M)⊗A0 VHq and Hq(Ÿ, δ) identi�es with ˜n−1(M)⊗A0 VHq. Similarly, it is easy toshow that the 
onne
ting operator
∂ : Hq−1(Ÿ, δ) −→ Hq(Ÿ0, δ0)identi�es with the de Rham-like di�erential

dn−1,q
1 : ˜n−1(M)⊗A0 VHq −→ ˜n(M)⊗A0 VHq.2Similarly as above, this last notations are motivated by the fa
t that the di�erentials d

•,q

1
(resp. theve
tor spa
es E

•,q

2
) are the ones in the �rst term (resp. are rows of the se
ond term) of the (
ohomo-logi
al) Leray-Serre spe
tral sequen
e of the �ber bundle α [43℄.
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tness of (13). �Corollary 6. If F is 
onne
ted, then H0(Ÿ, δ) ≃ ker dn−1
M ,

dn−1
M : ˜n−1(M) −→ ˜n(M)being the last de Rham di�erential of M .Proof. If F is 
onne
ted VH0 ≃ A0 and dn−1,0

1 identi�es with dn−1
M . �Corollary 7. Let q ≥ 0 and ω ∈ Ÿq be δ-
losed, i.e., δω = 0. Then, 1) if q = 0, ω islo
ally of the form α∗(η) for some η ∈ ˜n−1(M), 2) if q > 0, then ω is lo
ally δ-exa
t,i.e., ω is lo
ally of the form δθ, θ being a lo
al element in Ÿq−1.Proof. If F is 
ontra
tible, then VHq = 0, and therefore Hq(Ÿ, δ) = 0, for all q > 0. �Let ω ∈ Ÿ and θ ∈ Ÿ be su
h that ω = δθ. Then θ will be 
alled a potential of ω.4. PD-Hamiltonian Systems4.1. PD-Hamiltonian Systems and PD-Hamilton Equations. In this se
tion weintrodu
e what we think should be understood as the partial di�erential, i.e., �eldtheoreti
 analogue of a hamiltonian (me
hani
al) system on an abstra
t symple
ti
manifold.Let α : P −→ M be as in the previous se
tion and ω ∈ Ÿ2(P, α) be su
h that δω = 0.Put

kerω := {Y ∈ VD | iY ω = 0}, kerω := {Y ∈ VD | iY ω = 0},

Kerω := {∇ ∈ C | i∇ω = 0}, Kerω := {Z ∈ VD⊗A ˜
1 | iZω = 0}.Sin
e ω is 
losed, both kerω and kerω are modules of smooth se
tions of involutive

α-verti
al distributions Dω and Dω on P , where, for y ∈ P ,
Dω

y := {ξ ∈ VyP | iξωy = 0}, Dω
y := {ξ ∈ VyP | iξωy = 0}.Similarly, Kerω is a sub-module in VD ⊗A ˜
1. As a minimal regularity requirement,assume that Dω has got 
onstant rank r. Then, it is easy to 
he
k that, as a 
onsequen
e,

Kerω is the module of se
tions of a smooth ve
tor bundle ̟ : W −→ P . For y ∈ P ,denote r(y) = dimDω
y . In general, r(y) will 
hange from point to point y ∈ P . However,we are proving in brief that r(y) 
annot 
hange that mu
h. First of all, sin
e, obviously,

Dω ⊂ Dω, then r(y) ≤ r for all y ∈ P . Now, for y ∈ P , denote
Kerωy := {c ∈ α−1

1,0(y) | icωy = 0}.Then, Kerωy is either empty or an a�ne spa
e modelled over ̟−1(y). It holds theProposition 8. For any y ∈ P , r − r(y) ≤ 1 (see also Theorem 4 of [24℄).



16 L. VITAGLIANOProof. Let y ∈ P and suppose r(y) < r. If ξ ∈ Dω
y then (see Remark 2) iξωy = iξωy = 0so that iξωy ∈ Ÿ10|y = ˜

n|y. Then 
onsider the map γy : D
ω
y ∋ ξ 7−→ γy(ξ) := iξωy ∈

˜n|y. Sin
e r(y) < r, γy is surje
tive and the sequen
e of ve
tor spa
es 0 −→ Dω
y −→

Dω
y

γy

−→ ˜n|y −→ 0 is exa
t. Sin
e ˜n|y is 1-dimensional, it follows that r−r(y) = 1. �The following proposition 
hara
terizes the 
ase r(y) = r.Proposition 9. Let ω be as above. Then r(y) = r i� Kerωy 6= ∅.Proof. The result is nothing more than an appli
ation of the Rou
hé-Capelli theorem.We here propose a dual proof. Let ξ ∈ VyP be given by ξ = ξa∂a|y. Then ξ ∈ Dω
y i�

ωi
ab(y)ξ

a = 0, a = 1, . . . , m, i = 1, . . . , n. (14)Similarly, ξ ∈ Dω
y i� they are satis�ed both (14) and

ωa(y)ξ
a = 0. (15)Therefore, Dω

y = Dω
y i� Equation (15) linearly depends on Equations (14), i.e., i� thereare real numbers hb
i , b = 1, . . . , m, i = 1, . . . , n, su
h that

ωa(y) = ωi
ab(y)h

b
i ,

a = 1, . . . , m. Now, let c ∈ α−1
1,0(y) be given by ya

i (c) = −1
2
ha

i . Then icωy is given by
icωy = (−2ω

i
ba(y)y

a
i (c) + ωa(y))dyadnx |y

= −(ωi
ab(y)h

b
i − ωa(y))dyadnx |y

= 0.

�De�nition 10. A PD-prehamiltonian system on the �ber bundle α : P −→ M is a
δ-
losed element ω ∈ Ÿ2(P, α). A PD-hamiltonian system on α is a PD-prehamiltoniansystem ω su
h that kerω = 0 (and, therefore, kerω = 0 as well).Let θ ∈ Ÿ1 be lo
ally given by θ = θi

adyadn−1xi − Hdnx, . . . , θi
a, . . . , H being lo
alfun
tions on P . Then δθ is lo
ally given by

δθ = ∂[aθ
i
b]dyadybdn−1xi − (∂aH + ∂iθ

i
a)dyadnx.Similarly, let ω ∈ Ÿ2 and Y ∈ VD be lo
ally given by ω = ωi

abdyadybdn−1xi + ωadyadnxand Y = Y a∂a, respe
tively. Then δω, iY ω and iY ω are lo
ally given by
δω = ∂[aω

i
bc]dyadybdycdn−1xi + (∂iω

i
ab + ∂[aωb])dyadybdnx,

iY ω = 2ωi
abY

adybdn−1xi + ωaY
adnx,

iY ω = 2ωi
abY

adVyb ⊗ dn−1xi,so that ω is a PD-prehamiltonian system i�
∂[aω

i
bc] = 0, ∂iω

i
ab + ∂[aωb] = 0, (16)
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h is the same (see Corollary 7),
ωi

ab = ∂[aθ
i
b], ωa = −∂aH − ∂iθ

i
a, (17)for some . . . , θi

a, . . . , H lo
al fun
tions on P . Moreover, ω is a PD-hamiltonian systemi�
ωi

abY
a = 0 =⇒ Y a = 0. (18)In its turn (18) implies ωa = ωi

abf
b
i for some . . . , f b

i , . . . lo
al fun
tions on P (see theproof of Proposition 9).Let ω be a PD-prehamiltonian system on α, σ : U −→ P a lo
al se
tion of α,
U ⊂ M an open subset. The �rst jet prolongation ‘σ : U −→ J1α of σ may beinterpreted as a �
onne
tion in α along σ�, i.e., a se
tion of the restri
ted bundle α1,0|σ :
J1α|σ −→ M . Moreover, elements in Ÿ|σ may be interpreted as a�ne maps from C|σ to
Ÿ0|σ ≃ V˜|σ ⊗A0 ˜

n(M) whose linear part is in Ÿ|σ ≃ V˜|σ ⊗A0 ˜
n−1(M). Namely, anelement ♦ ∈ C|σ 
an �be inserted� into an element ρ|σ ∈ Ÿ|σ, ρ ∈ Ÿ, giving an element

i♦ρ|σ ∈ Ÿ0|σ. Thus, we 
an sear
h for lo
al se
tions σ of α su
h that
i ‘σω|σ = 0 (19)De�nition 11. Equations (19) are 
alled the PD-Hamilton equations (of the PD-prehamiltonian system ω).If ω is lo
ally given by ω = ωi

abdyadybdn−1xi + ωadyadnx, then the asso
iated PD-Hamilton equations are lo
ally given by
2ωi

ab∂iy
a − ωb = 0. (20)Conversely, a system of PDEs in the form (20) is a PD-Hamilton equation for some PD-prehamiltonian (resp. PD-hamiltonian) system i� 
oe�
ients . . . , ωi

ab, . . . , ωb, . . . satisfy(16) (or, whi
h is the same, (17)) (resp. (16) and (18)). Noti
e that, in view of (20),a general PD-prehamiltonian system ω en
ode �kinemati
al information�, whi
h 
an beidenti�ed with ω, and �dynami
al information�, whi
h 
an be identi�ed with the spe
i�

hoi
e of ω in the 
lass of those PD-hamiltonian systems with linear part ω (see the
omment at the end of Se
tion 2.3, Remark 17 and Example 18).Sear
hing for solutions of PD-Hamilton equations of a PD-prehamiltonian system ω,we 
ould pro
eed in two steps:(1) sear
h for a 
onne
tion ∇ ∈ Kerω,(2) sear
h for n-dimensional integral submanifolds of the horizontal distribution
H∇P .However, a solution to the �rst step of the above mentioned pro
edure exists i�

kerω = kerω whi
h is not always the 
ase. Therefore, in general, we are led to weaken1 and sear
h for 
onne
tions ∇′ in a subbundle P ′ ⊂ P su
h that i∇′ω|P ′ = 0. Asshowed in the next proposition, there is always an �algorithmi
� way to �nd a maximalsubbundle ÷α : ÷P −→ M of α su
h that the a�ne equation i ÷∇ω| ÷P = 0, ÷∇ ∈ C( ÷P, ÷α)



18 L. VITAGLIANOadmits at least one solution. We will refer to the above mentioned �algorithm� as thePD-
onstraint algorithm (see also [20, 33, 34, 35, 36℄).Proposition 12. Let ω be as above and Kerω = ∅ (i.e., Dω
y 6= Dω

y for some y ∈ P ).Under suitable regularity 
onditions on ω (to be spe
i�ed in the proof), there exists a(maximal) subbundle ÷P ⊂ P su
h that i ÷∇ω| ÷P = 0 for some ÷∇ ∈ C( ÷P , ÷α).Proof. For s = 1, 2, . . . de�ne re
ursively
P(s) := {y ∈ P(s−1) | Kerωy ∩ (α(s−1))

−1
1 (y) 6= ∅} ⊂ P,

α(s) := α|P(s) : Ps −→ M,where P(0) := P , α(0) := α (in parti
ular P1 = {y ∈ P | r(y) = r}). We assumethat α(s) : P(s) −→ M is a smooth (
losed) subbundle for all s (regularity 
onditions).Then, for dimensional reasons, there exists s su
h that P(s) = P(s) for all s ≥ s. Put
÷P := P(s). �

÷α := α| ÷P :
÷P −→ M will be 
alled the 
onstraint subbundle. Noti
e that ÷P 
an beempty (for instan
e when r(y) = r − 1 for all y ∈ P ) and, in this 
ase, PD-Hamiltonequations do not possess solutions.Corollary 13. Let ω be a PD-prehamiltonian system on α and σ a solution of PD-Hamilton equations. Then im σ ⊂ ÷P .Proof. By indu
tion on s, im σ ⊂ P(s) for all s = 1, 2, . . .. �The 
onverse of the above 
orollary is, a priori, only true for n = 1. Namely, wemay wonder if for any y ∈ ÷P there is a solution σ of PD-Hamilton equations su
hthat y ∈ im σ. We know that there is a 
onne
tion ÷∇ in ÷P whi
h is �a solution ofPD-Hamilton equations up to �rst order�, i.e., i ÷∇÷ω| ÷P = 0. n-dimensional integralmanifolds of the horizontal distribution H ÷∇

÷P determined on ÷P by ÷∇ are 
learly imagesof solutions of PD-Hamilton equations. If n = 1, ÷∇ is trivially �at and Frobeniustheorem guarantees that for any y ∈ ÷P there is a solution �through y�. The same is apriori untrue for n > 2. Integrability 
onditions on H ÷∇
÷P will be dis
ussed elsewhere.Clearly, standard examples of PD-prehamiltonian systems 
ome from Lagrangian �eldtheory. Let us brie�y re
all how. Let π : E −→ M be a �ber bundle and 
onsider alagrangian density L ∈ ˜n(J1π, π1). L determines two Legendre transforms (see,for instan
e, [4℄) whi
h we denote by FL : J1π −→ Mπ and FL : J1π −→ J†π.Consider the submanifold C0 := imFL ⊂ J†π of primary hamiltonian 
onstraints ofthe lagrangian theory. FL fa
torizes as FL =H ◦ FL , H : C0 −→ Mπ being thehamiltonian se
tion. Then ωL := FL ∗(δ—) (resp. H ∗(δ—)) is a PD-prehamiltoniansystem in π1 (resp. in C0 −→ M). Moreover, as it is well known [3℄, if s :M −→ E is asolution of the Euler-Lagrange equations, then ‘s :M −→ J1π (resp. FL ◦ ‘s :M −→ C0)is a solution of PD-Hamilton equations of ωL (resp. H ∗(δ—)).
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ti
 Geometry à là Forger.Forger and Gomes have re
ently proposed a de�nition of multipresymple
ti
 stru
tureon a �ber bundle [24℄. Their work aims to de�ne su
h a stru
ture so that 1) the di�er-ential d— of the tautologi
al n-form — on the a�ne adjoint bundle of the �rst jet bundle(see the end of Se
tion 2.3)is multisymple
ti
 2) every multipresymple
ti
 stru
ture islo
ally isomorphi
 to the pull-ba
k of — along a �bration (Darboux lemma). Sin
e,in our opinion, I) [24℄ is the best motivated and established work about fundamentalsof multisymple
ti
 geometry, II) abstra
t �ber bundles play in [24℄ a similar role as inthis paper, we analyze in this subse
tion the relationship between PD-prehamiltoniansystems and multipresymple
ti
 stru
tures à là Forger, referring to [24℄ for the mainde�nition. Here we just mention two of the main results of [24℄ (whi
h 
an eventually beunderstood as de�nitions of polypresymple
ti
 stru
ture and multipresymple
ti
 stru
-ture on a �ber bundle, respe
tively)Theorem 14 (Forger and Gomes I). Let α : P −→ M be a �ber bundle, . . . , xi, . . .lo
al 
oordinates on M , i = 1, . . . , n = dimM and ω ∈ Ÿ2. ω is a polypresym-ple
ti
 stru
ture on α i�, around every point of P , there are lo
al �ber 
oordinates
. . . , qA, . . . , pi

A, . . . , z1 . . . , zs, A = 1, . . . , m, i = 1, . . . , n (so that dimP = n + m +
mn + s) su
h that ω is lo
ally given by

ω = dVpi
AdVqA ⊗ dn−1xi.Theorem 15 (Forger and Gomes II). Let α : P −→ M be a �ber bundle, . . . , xi, . . .lo
al 
oordinates on M , i = 1, . . . , n = dimM , and ω ∈ Ÿ2. ω is a multi-presymple
ti
 stru
ture on α i�, around every point of P , there are lo
al �ber 
oor-dinates . . . , qA, . . . , pi

A, . . . , p, z1 . . . , zr, A = 1, . . . , m, i = 1, . . . , n (so that dimP =
(n + 1)(m+ 1) + r) su
h that ω is lo
ally given by

ω = dpi
AdqAdn−1xi − dpdnx.Proposition 16. Let ω be a PD-prehamiltonian system on α. The following two 
on-ditions are equivalent.(1) ω is a polypresymple
ti
 stru
ture and r(y) = r − 1 for all y ∈ P .(2) ω is a multipresymple
ti
 stru
ture.Proof. Re
all that, in view of Proposition 5, ω is lo
ally δ-exa
t. Suppose ω ispolypresymple
ti
 and r(y) = r − 1 for all y ∈ P . Then r > 0 and, in view ofTheorem 14, (around every point in P ) there are α-adapted lo
al 
oordinates

. . . , xi, . . . , qA, . . . , pi
A, z0, z1, . . . , zr−1,su
h that, lo
ally, ω = dVpi

AdVqA ⊗ dn−1xi (in parti
ular, kerω is lo
ally spanned by
. . . , ∂/∂zα, . . .). Therefore, ω = δθ0, where θ0 := pi

AdVqA ⊗ dn−1xi is a lo
al element of
Ÿ1. A general (lo
al) potential of ω is then θ′ ∈ Ÿ1 su
h that θ′ = θ0 + dVν, ν beinga lo
al element in Ÿ0 = ˜n−1. The (lo
al) potential θ := θ′ − δν is lo
ally in the form



20 L. VITAGLIANO
θ = pi

AdqAdn−1xi − pdnx, where p is a lo
al fun
tion on P . Therefore ω is lo
ally givenby
ω = dpi

AdqAdn−1xi − dpdnx.

kerω is lo
ally spanned by those lo
al elements Y α ∂
∂zα in kerω su
h that Y α ∂h

∂zα = 0.Sin
e kerω 6= kerω, then ∂p
∂zα dzα 6= 0. Let, for instan
e, be ∂p

∂z0
6= 0. Then

. . . , xi, . . . , qA, . . . , pi
A, p, z1, . . . , zr−1 is a new lo
al 
oordinate system on P . In viewof Theorem 15, ω is then multipresymple
ti
.On the other hand, let ω be multipresymple
ti
. Then ω is polypresymple
ti
. More-over, (around every point in P ) there are α-adapted lo
al 
oordinates

. . . , xi, . . . , qA, . . . , pi
A, . . . , p, z1, . . . , zr (21)su
h that, lo
ally, ω = dpi

AdqAdn−1xi − dpdnx and ω = dVpi
AdVqA ⊗ dn−1xi. This showsthat for all y ∈ P ,

Dω
y = 〈. . . , ∂

∂zα

∣∣
y
, . . .〉 6= Dω

y = 〈. . . , ∂
∂zα

∣∣
y
, . . . , ∂

∂p

∣∣∣
y
〉.

�Remark 17. Let ω be a PD-prehamiltonian system. First of all, noti
e that, if ω is amultipresymple
ti
 stru
ture then, in view of Proposition 16, PD-Hamilton equations of
ω do not possess solutions. In this sense, multipresymple
ti
 stru
tures do not 
ontainany dynami
al information.Now, the proof of Proposition 16 also shows that if ω is a polypresymple
ti
 stru
tureand kerω = kerω then ω is lo
ally in the form

ω = dpi
AdqAdn−1xi − dHdnxwhere ∂H

∂zα = 0, α = 1, 2, . . ., i.e., H is 
onstant along the leaves of the distribution
Dω = Dω.Example 18. Let ω ∈ Ÿ2 be a multisymple
ti
 stru
ture on α. In this 
ase kerω = 0,while Dω is a 1-dimensional (involutive) distribution. Leaves of Dω are submanifoldsin the �bers of α. denote by P the set of leaves of Dω. There is an obvious proje
tion
α : P −→ M . Suppose that α : P −→ M is a smooth �ber bundle and p : P −→ Pa smooth submersion (whi
h is always true lo
ally). There is a distinguished 
lass of(lo
al) PD-hamiltonian systems on α. Indeed, let U ⊂ P be an open subbundle and
H : U −→ P a lo
al se
tion of p. Then ω′ := H ∗(ω) ∈ Ÿ2(U, α) is a PD-hamiltoniansystem. In parti
ular, if we 
hoose 
oordinates on P as in (21) (here r = 0), then
. . . , xi, . . . , qA, . . . , pi

A, . . . are 
oordinates on P , H is given by
H

∗(p) = H,

H being a lo
al fun
tion on P , and ω′ is lo
ally given by
ω′ = dpi

AdqAdn−1xi − dHdnx,
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ular θ′ := pi
AdqAdn−1xi−Hdnx is a lo
al potential of ω′. Finally, PD-Hamiltonequations of ω′ read

qA
i =

∂H
∂pi

A

,

pi
A,i = − ∂H

∂qA ,whi
h are de Donder-Weyl equations (see, for instan
e, [3℄).4.3. PD-Hamiltonian Systems and Variational Cal
ulus. We show in this sub-se
tion that PD-Hamilton equations are lo
ally variational. First of all, an element
θ ∈ Ÿ1 may be understood as a (�ber-wise a�ne) horizontal n-form over J1α, i.e., asan element L θ ∈ ˜n(J1α, α1) via

L
θ
c := icθy, c ∈ J1α, y = α1,0(c) ∈ P.In its turn L θ is a 1st order lagrangian density in the �ber bundle α determiningan a
tion fun
tional whi
h we denote by Sθ =

∫
L θ. If θ is lo
ally given by θ =

θi
adyadn−1xi −Hdnx, . . . , θi

a, . . . , H being lo
al fun
tions on P , then L θ is lo
ally givenby L θ = Lθdnx, where Lθ is the lo
al fun
tion on J1α given by
Lθ = (θi

by
b
i − H).In parti
ular, if θ = δν for some ν ∈ Ÿ0 = ˜n−1 lo
ally given by ν = νidn−1xi, then

Lθ = (∂i + ya
i ∂a)ν

i, (22)i.e., Lθ is a total divergen
e.Proposition 19. Let ω ∈ Ÿ2 be a δ-exa
t PD-prehamiltonian system. Then PD-Hamilton equations of ω 
oin
ide with Euler-Lagrange equations asso
iated with thea
tion Sθ :=
∫

L θ, where θ ∈ Ÿ1 is the opposite of any potential of ω, i.e., −δθ = ω.Moreover, if H1(Ÿ, δ) = 0 then Sθ is independent of the 
hoi
e of θ and does onlydepend on ω.Proof. The �rst part of the proposition 
an be proved in lo
al 
oordinates. Indeed,
ompute variational derivatives of Lθ,
δ

δyb L
θ := ∂bL

θ − (∂i + ya
i ∂a)

∂
∂yb

i

Lθ

= ya
i (∂bθ

i
a − ∂aθ

i
b)− ∂aH − ∂iθ

i
a

= −2ωi
aby

a
i + ωb.where we used (17). To prove the se
ond part of the proposition, use (22) to 
on
ludethat, for ν ∈ Ÿ0, δLδν/δya = 0. �Remark 20. Condition H1(Ÿ, δ) = 0 depends on the topology of the �ber bundle α. Itis satis�ed, for instan
e, if Hn(M) = 0 and H1(F) = 0, F being, as above, the abstra
t



22 L. VITAGLIANO�ber of α. Indeed, if H1(F) = 0 then H1(Ÿ, δ) = 0 so that, the �rst part of the exa
tsequen
e (13) reads
0 // H0(Ÿ, δ) // ˜n−1(M)

dn−1
M

// ˜n(M) // H1(Ÿ, δ) // 0and H1(Ÿ, δ) ≃ Hn(M) = 0.5. PD-Noether Symmetries and Currents5.1. PD-Noether Theorem and PD-Poisson Bra
ket. The multisymple
ti
 ana-logues of hamiltonian ve
tor �elds and Poisson bra
ket in symple
ti
 geometry havebeen longly investigated [6, 7, 8, 9, 10, 38℄. We here propose the natural de�nitions forgeneral PD-hamiltonian systems. Noti
e that, even if they look formally identi
al to(or possibly less general than) the ones proposed in [6, 8, 9, 10℄, our de�nitions havea
tually got a dynami
al 
ontent, not only a kinemati
al one (see Remark 17), so that,for instan
e, we 
an prove a PD-version of (hamiltonian) Noether theorem. That'swhy, e.g., we will better speak about PD-Noether symmetries rather than hamiltonian(multi)ve
tor �elds [44℄.Let ω be a PD-prehamiltonian system on the bundle α : P −→ M . In the followingwe assume α to have 
onne
ted �ber.De�nition 21. Let Y ∈ VD and f ∈ Ÿ0. If iY ω = δf , then Y and f are said tobe a PD-Noether symmetry and a PD-Noether 
urrent of ω (relative to ea
h other),respe
tively.Denote by S (ω) and C (ω) the sets of PD-Noether symmetries and PD-Noether 
ur-rents of ω, respe
tively. A PD-Noether symmetry Y (relative to a PD-Noether 
urrent
f) is a symmetry of ω in the sense that

LY ω = iY δω + δiY ω = δδf = 0.The next proposition 
lari�es in what sense a PD-Noether 
urrent is a 
onserved 
urrentfor ω.Proposition 22 (PD�Noether theorem). Let Y ∈ S (ω) and f ∈ C (ω) be a PD-Noether symmetry and a PD-Noether 
urrent of ω relative to ea
h other. Then σ∗(f) ∈
˜n−1(M) is a 
losed form for every solution σ of PD-Hamilton equations.Proof. First of all, let ̺ ∈ Ÿ1 and τ be a (lo
al) se
tion of α. It is easy to show (forinstan
e, using lo
al 
oordinates) that τ ∗(̺) = i ‘τ̺|τ ∈ ˜n(M). Then

dσ∗(f) = σ∗(df)

= σ∗(δf)

= i ‘σδf |σ

= i ‘σiY ω|σ

= iY |σi ‘σω|σ
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= 0.

�We are now in the position to introdu
e a Lie bra
ket among PD-Noether 
urrents.Proposition 23. Let Y1, Y2 ∈ S (ω) be PD-Noether symmetries relative to the PD-Noether 
urrents f1, f2 ∈ C (ω), respe
tively. Then [Y1, Y2] ∈ S (ω) and f := LY1f2 ∈
C (ω) and they are relative to ea
h other. Moreover, f is independent of the 
hoi
e of
Y1 among the PD-Noether symmetries relative to the PD-Noether 
urrent f1.Proof. Compute

δLY1f2 = LY1δf2

= LY1iY2ω

= i[Y1,Y2]ω + iY2LY1ω

= i[Y1,Y2]ω.Now, let V ∈ kerω. Then LV f2 = iV δf2 = iV iY2ω = 0. This proves the se
ond part ofthe proposition. �Let Y1, Y2, f1, f2 be as in the above proposition.Proposition 24. The R-bilinear map
C (ω)× C (ω) ∋ (f1, f2) 7−→ {f1, f2} := LY1f2 ∈ H(ω),

Y1 being a PD-Noether symmetry relative to f1, is a Lie bra
ket.Proof. Let Y2 ∈ S (ω) be a PD-Noether symmetry relative to f2 ∈ C (ω). Skew-symmetry of {·, ·} immediately follows from the remark:
{f1, f2} = LY1f2

= iY1δf2 + δiY1f2

= iY1iY2ω.Now, 
he
k Leibnitz rule. Let Y3 ∈ S (ω) and f3 ∈ C (ω) be another pair of PD-Noethersymmetry, PD-Noether 
urrent relative to ea
h other. Then
{f1, {f2, f3}} = LY1{f2, f3}

= LY1LY2f3

= L[Y1,Y2]f3 + LY2LY1f3

= {{f1, f2}, f3}+ {f2, {f1, f3}}.

�



24 L. VITAGLIANOPD-Noether symmetries and PD-Noether 
urrents of a PD-hamiltonian system 
onsti-tute very small Lie subalgebras of the Lie algebras of higher symmetries and 
onserva-tion laws of PD-Hamilton equations, for whi
h there have been given fully satisfa
toryde�nitions and have been developed many in�nite jet based 
omputational te
hniques[2℄. Nevertheless, it is worthy to give De�nition 21 and to 
arefully analyse it, inde-pendently on in�nite jets, in view of the possibility of developing a �(multi)symple
ti
theory� of higher symmetries and 
onservation laws (see, for instan
e, [39℄). In Se
tion6 we propose some spe
i�
 examples.Finally, noti
e that, in general, nor a PD-Noether 
urrent is uniquely determined bythe relative PD-Noether symmetry nor vi
e versa (unless kerω = 0). However, �non-trivial PD-Noether symmetries� are in one to one 
orresponden
e with �non-trivial PD-Noether 
urrents� in the following sense. Clearly, kerω ⊂ S (ω) and H0(Ÿ, δ) ⊂ C (ω).We will 
all elements in kerω gauge PD-Noether symmetries (see below) and elements in
H0(Ÿ, δ) (i.e., 
losed (n−1) -forms on M , see Corollary 6) trivial PD-Noether 
urrents.Remark 25. It is easy to see that kerω and H0(Ÿ, δ) are ideals in the Lie algebras
S (ω) and C (ω), respe
tively. Let S (ω) := S (ω)/ kerω and C (ω) := C (ω)/H0(Ÿ, δ)be the quotient Lie algebras. Then the map

S (ω) ∋ Y + kerω 7−→ f +H0(Ÿ, δ) ∈ C (ω),where Y ∈ S (ω) and f ∈ C (ω) are relative to ea
h other, is a well de�ned isomor-phism of Lie algebras. It is natural to 
all elements in S (ω) and C (ω) non-trivialPD-Noether symmetries and non-trivial PD-Noether 
urrents, respe
tively. Indeed, el-ements in kerω are trivial symmetries in that they are in�nitesimal gauge transforma-tions (see next subse
tion), and elements in H0(Ÿ, δ) are trivial 
onserved 
urrents inthat they are 
onserved 
urrents for every PD-prehamiltonian system ω, independentlyof ω.5.2. Gauge Redu
tion of PD-Hamiltonian Systems. From a physi
al point ofview, elements in kerω are in�nitesimal gauge transformations and therefore should bequotiented out via a redu
tion of the system. In this se
tion we assume kerω = kerωor, whi
h is the same, Kerω 6= ∅. As a further regularity 
ondition we assume thatthe leaves of Dω = Dω form a smooth �ber bundle P̃ over M , whose proje
tion wedenote by α̃ : P̃ −→ M , in su
h a way that the 
anoni
al proje
tion p : P −→ P̃ is asmooth bundle. The last 
ondition is always ful�lled at least lo
ally. Noti
e, also, that,by 
onstru
tion, p has 
onne
ted �ber.Theorem 26. There exists a unique PD-hamiltonian system ω̃ in α̃ su
h that 1) ω =
p∗(ω̃), 2) ker ω̃ = ker ω̃ = 0 and 3) a lo
al se
tion σ of α is a solution of the PD-Hamiltonequation of ω i� p ◦ σ (whi
h is a lo
al se
tion of α̃) is a solution of PD-Hamiltonequations of ω̃.Proof. Let ∇̃ ∈ C(P̃ , α̃). There exists a (non-unique) 
onne
tion ∇ ∈ C(P, α) su
hthat ∇ and ∇̃ are p-
ompatible. To prove this, 
hoose a 
onne
tion � in p and lift the



PARTIAL DIFFERENTIAL HAMILTONIAN SYSTEMS 25planes of ∇̃ to P by means of �. It is easy to show that the so obtained distribution on
P de�nes a 
onne
tion ∇ in α with the required property. Similarly, every ve
tor �eld
X̃ ∈ VD(P̃ , α̃) 
an be lifted to a (non-unique) p-proje
table ve
tor �eld X ∈ VD(P, α)su
h that X̃ is its proje
tion. Then X ∈ DV (P, p). Consider η := ω(∇)(X) ∈ Ÿ0(P, α)and prove that LY η = 0 for any Y ∈ VD(P, p). Indeed, let Y ∈ VD(P, p). Then
[Y, X] ∈ VD(P, p). Similarly [[Y, H∇]] ∈ ˜

1(P, α) ⊗ VD(P, p) ⊂ ˜1(P, α) ⊗ VD(P, α).Now, VD(P, p) = kerω by 
onstru
tion, and therefore
LY η = LY iXi∇ω

= [LY , iX ]i∇ω + iXLY i∇ω

= i[Y,X]i∇ω + iXi∇LY ω + iX [LY , i∇]ω

= i∇i[Y,X]ω + iXi[[Y,H∇]]ω

= 0.Sin
e �bers of p are 
onne
ted we 
on
lude that η = p∗(η̃) for a unique η̃ ∈ Ÿ0(P̃ , α̃).Put
ω̃(∇̃)(X̃) := η̃.

ω̃ is a well de�ned element in Ÿ2(P̃ , α̃). Indeed, let ∇′ ∈ C(P, α) be also p-
ompatiblewith ∇̃ and X ′ ∈ VD(P, α) be another p-proje
table ve
tor �eld proje
ting onto X̃.Then ∇′ −∇ ∈ ˜1(P, α)⊗ VD(P, p) and X ′ − X ∈ VD(P, p). Therefore,
ω(∇′)(X ′) = iX′i∇′ω

= iX′i∇ω + iX′i∇′−∇ω

= iXi∇ω + iX′−Xi∇ω

= iXi∇ω + i∇iX′−Xω

= ω(∇)(X).Moreover, ω = p∗(ω̃) by 
onstru
tion.Let us 
ompute ker ω̃. Thus, let X̃ ∈ VD(P̃ , α̃) be su
h that iX̃ ω̃ = 0 and X ∈
VD(P, α) be as above. Then iXω = p∗(iX̃ω̃) = 0. This shows that X ∈ VD(P, p) andthen X̃ = 0.Finally, let σ be a lo
al se
tion of α, σ̃ := p ◦ σ, X̃ ∈ VD(P̃ , α̃) and X be as above.Compute

(iσ̃·ω̃|σ̃)(X̃|σ̃) = iσ̃·(iX̃ω̃)|σ̃

= σ̃∗(iX̃ω̃)

= (σ∗ ◦ p
∗)(iX̃ ω̃)

= σ∗(iXω)

= i ‘σ(iXω)|σ

= (i ‘σω|σ)(X|σ).



26 L. VITAGLIANOThis shows that i ‘σω|σ = 0 i� iσ̃·ω̃|σ̃ = 0. �Proposition 27. There are natural isomorphisms of Lie algebras
S (ω) ≃ S (ω̃),

C (ω) ≃ C (ω̃).Proof. First of all let f ∈ C (ω) and X ∈ S (ω) be relative to ea
h other. Then
f = p∗(f̃) for some f̃ ∈ Ÿ0(P̃ , α̃) and X is p-proje
table. Indeed, for all Y ∈ kerω,

LY f = iY δf + δiY f = iY iXω = i[Y,X]ω = 0.Moreover,
p
∗(δf̃) = δp∗(f̃) = δf = iXω = p

∗(iX̃ω̃),where X̃ denotes the p-proje
tion of X, and, therefore, δf̃ = iX̃ω̃, i.e., f̃ ∈ C (ω̃) and
X̃ ∈ S (ω̃) is a PD-Noether symmetry relative to it. Thus, maps

S (ω) ∋ X + kerω 7−→ X̃ ∈ S (ω̃), (23)
C (ω) ∋ f 7−→ f̃ ∈ C (ω̃). (24)are well de�ned. Conversely, let X̃1 ∈ S (ω̃), f̃1 ∈ C (ω̃) be relative to ea
h other,

X1 ∈ VD(P, α) be any p-proje
table ve
tor �eld, X̃1 ∈ VD(P̃ , α̃) be its proje
tion, and
f1 := p∗(f̃1) ∈ Ÿ

0(P, α). Then X1 ∈ S (ω) and f1 ∈ C (ω) is a PD-Noether 
urrentrelative to it. Indeed,
iX1ω = p

∗(iX̃1ω̃) = p
∗(δf̃1) = δp∗(f̃1) = δf1.We 
on
lude that (23) and (24) are inverted by

S (ω̃) ∋ X̃1 7−→ X1 + kerω ∈ S (ω),

C (ω̃) ∋ f̃1 7−→ f1 ∈ C (ω),respe
tively. �6. Examples6.1. Non-Degenerate Examples. Let α : R2n+1 ∋ (x1, . . . , xn, u, u1, . . . , un) 7−→
(x1, . . . , xn) ∈ Rn, n > 1. Consider T, V ∈ C∞(R2n+1) of the form T = T (u1, . . . , un)and V = V (u), respe
tively. The form

ω := ∂2T
∂ui∂uj

dui(dudn−1xj − ujd
nx)− V ′dudnx,is a PD-prehamiltonian system on α (here and in what follows a prime � ′ � denotesdi�erentiation with respe
t to u). The asso
iated PD-Hamilton equations read

∂2T
∂ui∂uj

∂jui + V ′ = 0,

∂iu = ui,
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h are in turn equivalent to
∂2T

∂ui∂uj
∂2iju+ V ′ = 0, (25)

∂iu = ui,

∂2ij := ∂i∂j , i, j = 1, . . . , n. Moreover, for
det

(
∂2T

∂ui∂uj

)
6= 0,

ω is a PD-hamiltonian system. We will only 
onsider this 
ase in the following. Thus,put T ij := ∂2T
∂ui∂uj

, i, j = 1, . . . , n, and let (Tij) be the inverse matrix of (T ij). Asexamples noti
e that(1) For T = 1
2
gijuiuj,

(gij) =




−1 0 · · · 0
0 1 · · · 0... ... . . . ...
0 0 · · · 1


 ,(resp., gij = δij, i, j = 1, . . . , n), (25) redu
es to the wave equation (resp.,the Poisson equation) with a u-dependent potential V (in
luding the f -Gordonequation as a parti
ular example, if n = 2 and f = −V ′).(2) For n = 2, T =

√
1 + gijuiuj, gij = δij , i, j = 1, 2, and V = 0, (25) redu
esto the equation for minimal surfa
es in R3 transversal to the proje
tion R3 ∋

(x1, x2, u) 7−→ (x1, x2) ∈ R2.Let us sear
h for PD-Noether symmetries and 
urrents of ω. Let Y = U ∂
∂u
+ Ui

∂
∂ui ∈

VD and f = f idn−1xi ∈ Ÿ
0. Then

iY ω = T ij(Uidu − Udui)d
n−1xj −

(
T ijuiUj + V ′U

)
dnx,

δf = ∂if
idnx+ ∂

∂u
f idudn−1xi +

∂
∂uk

f idukd
n−1xi.Re
all that Y and f are a PD-Noether symmetry and a PD-Noether 
urrent relative toea
h other, respe
tively, i� iY ω = δf , i.e.,

∂if
i + T ijuiUj + V ′U = 0, (26)

∂
∂u

f i − T ijUj = 0, (27)
∂

∂uj
f i + T ijU = 0. (28)It follows from (28) that ∂

∂uj
f i = ∂

∂ui
f j , i, j = 1, . . . , n, and then

∂2

∂uk∂uj
f i = ∂2

∂uk∂ui
f j, i, j, k = 1, . . . , n.Now,

∂2

∂uk∂uj
f i = ∂

∂uk

∂
∂uj

f i
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= − ∂

∂uk

(
T ijU

)

= − ∂3T
∂uk∂ui∂uj

U − T ij ∂
∂uk

USimilarly,
∂2

∂uk∂ui
f j = ∂

∂ui

∂
∂uk

f j = − ∂3T
∂ui∂uj∂uk

U − T jk ∂
∂ui

U.Therefore,
T ij ∂

∂uk
U − T jk ∂

∂ui
U = 0Contra
ting with Tij we �nd (n − 1) ∂

∂ui
U = 0 and, therefore,

U = U(x1, . . . , xn, u),so that (28) 
an be rewritten as
∂

∂uj

(
f i + ∂T

∂ui
U

)
= 0.We 
on
lude that

f i = − ∂T
∂ui

U + Ai (29)for some Ai = Ai(x1, . . . , xn, u), i = 1, . . . , n. Noti
e that (27) 
an be used to determinethe Uj 's from the f i's via
Uj = Tji

∂
∂u

f i.It remains to solve (26) whi
h, in view of (29), redu
es to
(
∂i + ui

∂
∂u

)
Ai − ∂T

∂ui

(
∂i + ui

∂
∂u

)
U + V ′U = 0. (30)We 
annot go further on in solving (30) without better spe
ifying T . In the followingwe will only 
onsider two spe
ial 
ases.(1) T = 1

2
gijuiuj, (gij) being a 
onstant, non degenerate, symmetri
 matrix withinverse (gij). In this 
ase (30) reads

∂iA
i + V ′U +

(
∂
∂u

Ai − gij∂jU
)
ui −

(
gij ∂

∂u
U

)
uiuj = 0. (31)The left hand side of (31) is polynomial in u1, . . . , un. Thus, all the 
orresponding
oe�
ients must vanish, i.e.,

∂
∂u

U = 0, (32)
∂
∂u

Ai − gij∂jU = 0, (33)
∂iA

i + V ′U = 0. (34)From (32), U = U(x1, . . . , xn) and, then, from (33), ∂2

∂u2
Ai = 0, i = 1, . . . , n,whi
h in turn implies, using (33) again,

Ai =
(
gij∂jU

)
u+Bifor some Bi = Bi(x1, . . . , xn). Finally, (34) implies

(
gij∂2ijU

)
u+ ∂iB

i + V ′U = 0
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e more with respe
t to u

gij∂2ijU + V ′′U = 0.Sin
e U doesn't depend on u, if(a) V ′′′ 6= 0. Then U = 0 so that
f i = 1

2
∂jB

ji, Uj = 0for some Bij = −Bji = Bij(x1, . . . , xn), i.e.,
Y = 0 and f = dβ,

β = Bjidn−2xji, where dn−2xji := i∂j
dn−1xi, i, j = 1, . . . , n. Therefore,

ω doesn't posses PD-Noether symmetries nor non-trivial PD-Noether 
ur-rents.(b) V ′′′ = 0. Then V = 1
2
µu2 for some 
onstant µ and

gij∂2ijU + µU = 0, f i = gij(u ∂jU − ujU) +
1
2
∂jB

ji, Uj = ∂jU,for some Bij = −Bji = Bij(x1, . . . , xn). Thus,
Y = U ∂

∂u
+ ∂jU

∂
∂uj

and f = gij(u ∂jU − ujU)d
n−1xi + dβ,

β = Bjidn−2xji, where U is any solution of the PD-Hamilton equation
gij∂2iju+ µu = 0. (35)Let us 
ompute the PD-Poisson bra
ket. Consider two solutions of (35),say U1, U2, the 
orresponding PD-Noether symmetries Y1, Y2 and asso
iatedPD-Noether 
urrents f1, f2. Then

{f1, f2} = LY1f2 = gij(U1∂jU2 − U2∂jU1)d
n−1xi,whi
h, as 
an be easily 
he
ked, is a trivial 
onservation law.(2) n = 2, T =

√
1 + δijuiuj and V = 0. In this 
ase (30) reads

τ 1/2
(
∂i + ui

∂
∂u

)
Ai = δijuj

(
∂i + ui

∂
∂u

)
U, (36)where τ = 1 + δijuiuj. Squaring both sides of (36) we get

τ
[(

∂i + ui
∂
∂u

)
Ai

]2
−

[
δijuj

(
∂i + ui

∂
∂u

)
U

]2
= 0,whose left hand side is polynomial in u1, u2. Colle
ting homogeneous terms weget

[(
∂
∂u

U
)2

δij −
(

∂
∂u

Ai
) (

∂
∂u

Aj
)]

δkluiujukul

+2δij
[
δkl

(
∂
∂u

U
)
(∂lU)−

(
∂
∂u

Ak
) (

∂lA
l
)]

uiujuk

−
[
δij

(
∂kA

k
)2
+

(
∂
∂u

Ai
) (

∂
∂u

Aj
)
− δikδjl (∂kU) (∂lU)

]
uiuj

+2
(
∂jA

j
)2 ( ∂

∂u
Ai

)
ui +

(
∂iA

i
)2
= 0. (37)
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oe�
ient of the left hand side of (37) must vanish. It follows that
∂
∂u

U = ∂1U = ∂2U = 0,
∂
∂u

A1 = ∂
∂u

A2 = 0, ∂1A
1 + ∂2A

2 = 0,i.e., U is a 
onstant while A1 = ∂2B, A2 = −∂1B for some B = B(x1, x2). Thus,
Y = U ∂

∂u
, f = U τ−1/2

(
u2dx1 − u1dx2

)
+ dB.It is obvious that the PD-Poisson bra
ket is also trivial in this 
ase.6.2. A Degenerate, Constrained Example. The example in this subse
tion is takenfrom [45℄. Let α : R3m+2×R+ ∋ (q1, . . . , qm, s1, . . . , sm, t1, . . . , tm, s, t; e) 7−→ (s, t) ∈ R2.The form

ω := −dtαdqαds+ dsαdqαdt − δαβ(etαdtβ − sαdsβ)dsdt − εdedsdt,where ε := 1
2
(δαβtαtβ − 1), is a PD-prehamiltonian system on α. The asso
iated PD-Hamilton equation reads

∂
∂t

tα +
∂
∂s

sα = 0,
∂
∂t

qα = eδαβtβ,
∂
∂s

qα = −δαβsβ ,
ε = 0,

α = 1, . . . , m, whi
h is in turn equivalent to
e−1 ∂2

∂t2
qα − ∂2

∂s2
qα = e−2

(
∂
∂t

qα
) (

∂
∂t

e
)
,

e2 = δαβ

(
∂
∂t

qα
) (

∂
∂t

qβ
)
,

tα = e−1δαβ
∂
∂t

qβ,
sα = δαβ

∂
∂s

qβ,

,Noti
e that Dω is generated by ∂
∂e
, while

Dω
y =

{
0 for ε(y) 6= 0〈

∂
∂e

∣∣
y

〉 for ε(y) = 0
, y ∈ Pwe 
on
lude that P(1) is the hypersurfa
e de�ned by δαβtαtβ = 1. It is easy to see that,a
tually, ÷P = P(1).Let us sear
h for PD-Noether symmetries and 
urrents of ω. Let Y = Qα ∂

∂qα+Sα
∂

∂sα
+

Tα
∂

∂tα
+ E ∂

∂e
∈ VD and f = αds+ βdt ∈ Ÿ0. Then iY ω = δf i�

∂
∂s

β − ∂
∂t

α = δβγ(sβSγ − etβTγ)− εE,
∂

∂qα α = −Tα, ∂
∂qα β = Sα, ∂

∂tα
α = ∂

∂sα
β = Qα

∂
∂sα

α = ∂
∂tα

β = 0, ∂
∂e

α = ∂
∂e

β = 0,
(38)

α = 1, . . . , m. Equations (38) 
an be easily solved and give quite large S (ω) and C (ω).Namely,
α = Cαtα + A, β = Cαsα +B,
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Qα = Cα, Tα = −∂Cβ

∂qα tβ − ∂A
∂qα , Sα =

∂Cβ

∂qα sβ +
∂B
∂qα ,

εE = ∂Cα

∂s
sα − ∂Cα

∂t
tα +

∂B
∂s

− ∂A
∂t

− δαβ
[
sα

(
∂Cγ

∂qβ sγ +
∂B
∂qβ

)
+ etα

(
∂Cγ

∂qβ tγ +
∂A
∂qβ

)]where A, B, . . . , Cα, . . . , Dαβ, . . . , Eα, . . . are arbitrary fun
tions of the only
s, t, . . . , qβ, . . ..Compute the PD-Poisson bra
ket. Let f1,f2 be PD-Noether 
urrents determinedby fun
tions A1, B1, . . . , C

α
1 , . . . and A2, B2, . . . , C

α
2 , . . . respe
tively. A straightforward
omputation shows that

{f1, f2} = (C
αtα + A)ds+ (Cαsα +B)dtwith

A = Cβ
1

∂
∂qβ A2 − Cβ

2
∂

∂qβ A1,

B = Cβ
1

∂
∂qβ B2 − Cβ

2
∂

∂qβ B1,

Cα = Cβ
1

∂
∂qβ Cα

2 − Cβ
2

∂
∂qβ Cα

1 ,

α = 1, . . . , m.6.3. A Degenerate, Un
onstrained Example. Finally, we propose an example ofredu
tion. Consider the 
otangent bundle π : T ∗M ∋ Aidxi|(x1,...,xn) 7−→ (x
1, . . . , xn) ∈

M and let α := π1 : (x
1, . . . , xn, . . . , Ai, . . . , Ai,j, . . .) ∋ J1π 7−→ (x1, . . . , xn) ∈ M,

M being the n-dimensional Minkowski spa
e. As su
h M is endowed with the metri

g := gijdxi · dxj where

(gij) =




−1 0 · · · 0
0 1 · · · 0... ... . . . ...
0 0 · · · 1


 .In the following we will raise and lower indexes using g. Let

ω := 2dA[j,i]
(
1
2
Ai,jd

nx − dAid
n−1xj

)Then ω is a PD-prehamiltonian system on π whose PD-Hamilton equation reads
∂kA

[i,k] = 0,

∂[jAi] = A[i,j],

i, j = 1, . . . , n, whi
h are equivalent to Maxwell equations for the ve
tor potential
(∂k∂

k)Ai − ∂i∂kA
k = 0,

A[i,j] = ∂[jAi].Noti
e that
kerω = kerω =

〈
. . . , ∂

∂Ai,j
+ ∂

∂Aj,i
, . . .

〉
.



32 L. VITAGLIANOTherefore ω is �degenerate and un
onstrained�. Moreover, leaves of Dω = Dω are givenby A[i,j] = const. We 
on
lude that J1π �redu
es� via
p : J1π −→ T ∗

M×M ∧2 T ∗
M ≃ R

n(n+3)/2

(x1, . . . , xn, . . . , Ai, . . . , Ai,j, . . .) 7−→ (x
1, . . . , xn, . . . , Ai, . . . , Fij, . . .)where Fij = F[ij], p∗(Fij) := 2A[j,i] and ω = p∗(ω̃), with

ω̃ := dF ij
(
1
4
Fjid

nx − dAid
n−1xj

)is a PD-hamiltonian system on
α̃ : Rn(n+3)/2 ∋ (x1, . . . , xn, . . . , Ai, . . . , Fij , . . .) 7−→ (x

1, . . . , xn) ∈ R
n,whose PD-Hamilton equations read

∂kF
ik = 0,

∂[jAi] = 2Fji,whi
h are Maxwell equations for the �eld strength.Referen
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